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ABSTRACT 

In th is  paper  we s ta te  and  prove the  dual  pairs  correspondences  of 

Spin(4, 4) x Spin(8) in E8,4 and  F4,4 × SU2 and Spin(4, 4) x SU 3 in E7,4. 

For the  first dual  pair,  every finite d imensional  representa t ion  of Spin(8) 

occurs  and  each cor responds  with finite bu t  unbounded  mult ipl ic i ty  to 

a qua te rn ionic  representa t ion  of Spin(4, 4) hav ing  the  same  infini tesimal 

character .  For the  o ther  two dual  pairs the  correspondences  are one to 

one. 

1. In t roduc t ion  

1.1 Let Go be the real adjoint Lie group of type Es,4 or E7,4 with real root 

system of type F4. Es,4 contains subgroup 

(1) Spin(4, 4) XK4 Spin(8) 

where/<4 = Z/2Z × Z/2Z is the diagonal subgroup lying in the center of the spin 

subgroups. E7,4 contains the subgroups 

(2) F4,4 x SU2 and 

(3) Spin(4,4) xK4 (SU2(A') x SU2(B') x SU2(C')) 

where F4,4 is the simply connected split group. Here A', B', and C' are the 

indices to distinguish between the three SU2's. 
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1.2 In [GW1] and [GW2], Gross and Wallach constructed the minimal repre- 

sentation 7rz of Go by continuation of the quaternionic discrete series. In this 

paper we will restrict the minimal representation to the three subgroups described 

above and derive their dual pair correspondences or Howe correspondences. 

1.3 Before stating the main results, we need to define some notations. We 

denote the finite dimensional complex representation of a Lie group G or its Lie 

algebra g with highest weight A by ~ra(A) or ~r~(A). Following [Boul] Planches, 

we will use w l , . . . ,  w~ to denote the fundamental weights of G. Finally S '~(C 2) 

or S n will denote the representation Sym~(C 2) of SU2. #n will denote the finite 

cyclic group of order n. Suppose a finite group C is contained in both the centers 

of groups G1 and G2; then we denote 

G1 x c  G2 := (G1 x G2)/{(s, s): s ~ C}. 

1.4 Choose a positive root system of Spin(4, 4) with respect to a compact Car- 

tan subgroup such that the highest root & is a compact root. Denote the other 

three compact roots by A, B and C (see (53), (54) and (55)). Then Spin(4, 4) 

has maximal compact subgroup 

(4) SU2(&) x,2 (SU2(A) x SU2(B) x SU2(C)) 

where each SU2 corresponds to a compact root. Let f~ = nlWl + "'" + n4~Y4 
be a dominant weight of Spin(4, 4) and let 7rp(D,)+ fl  be the quaternionic discrete 

series representation with infinitesimal character p(D4) + f~ and lowest K- type  

s2 '+2~2+~3+~'+s ® s?g ® s~ ~ ® s~ ~ 

It has Harish-Chandra module (see §3.5) 

H(Spin(4, 4), S~' ® S~ 2 ® S~2[nl + 2n2 + n3 + n4 + 10]). 

We are ready to state the first main result of this paper: 

THEOREM 1.4.1: By restricting to the dual pair Spin(4,4) xg4 Spin(8), ~rz 

decomposes as 

E8,4 7r = (5) Resspin(4,4)xSpin(8) z ( ~  O(-;r(a)) ® 7r(•) 
~'~ = i? ,  1 W 1 + . . .  +~'b 4 W 4 

where the sum is taken over all irreducible representations of Spin(8). 0(~r(f~)) 

is (n2 + 1) copies of the quatenionic discrete series ~rp(D4)+n of Spin(4, 4). 
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1.5 There is a $3 action on E8,4 and when restricted to the maximal compact 

subgroup K becomes tile $3 outer automorphism (see §2.3 and ILl]). Observe 

that  the above correspondence respects this automorphism. 

1.6 The proof of the theorem occupies ~5 to §8, which is almost independent 

of the rest of the paper. The method of proof is straightforward by first showing 

that  @(~r(f~)) has the same K-types  as those of the discrete series. The bulk 

of the proof is the branching rules given in §6 and §7. Finally we will use the 

branching rules, Blattner 's  formula and a result of Schmid and Hecht-Schmid 

given as Corollary 3.7.2 to conclude Theorem 1.4.1. 

1.7 Since the Weyl group of D4 contains -1 ,  Spin(4,4) and Spin(8) are in- 

ner forms of one another and hence they have the same Langlands L-group. 

Tile Langlands parameter  of a discrete series is determined by its infinitesimal 

character. Therefore the correspondence in Theorem 1.4.1 agrees with the cor- 

respondence of the Langlands parameters induced by the identity map between 

the L-groups. 

We would like to mention that  B. Gross had previously conjectured that  

o(~-(r~)) ~ ~p(D~)+a. 

1.8 The correspondences of the two dual pairs in E7,4 are given as Theorems 

12.2.1 and 12.4.1. They are formulated in terms of quaternionic representations 

which we will introduce in §3. 

The proof of Theorems 12.2.1 and 12.4.1 are less direct as compared to Theo- 

rem 1.4.1 because in these cases we do not get the discrete series representations 

so neither Blat tner formula nor Corollary 3.7.2 holds. To get around this problem 

we start  with the construction of the minimal representation and prove Theorem 

4.4.1 which states that  the representations obtained via dual pair correspondence 

are quaternionic representations. More importantly the theorem gives an upper  

estimate for the quaternionic representations that  could occur in the restriction. 

The crucial observation is that  the correspondence for the dual pair F4,4 × SU2 

at tains this upper  bound! Then by using the method of see-saw pairs and com- 

puting K- types  we get Theorem 12.4.1. 

1.9 Theorem 4.4.1 could be sharpened to give bet ter  estimates. We will t reat  

this in a different paper. In this paper we only do enough so as to prove the three 

correspondences. 

1.10 The restrictions of the minimal representations of the exceptional groups 

to dual pairs of the form G2,2 × H where H is compact are studied in Huang-  
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Pandzic-Savin [HPS]. Also see [Lil] and [Li2] for other exceptional dual pairs 

correspondences. 

1.11 Theorems 1.4.1, 12.2.1 and 12.4.1 lead to correspondences of the infinitesi- 

mal characters for the dual pairs. (See [Ho] §4(f), [Pr], [Li].) For the pairs F4 x A1 

and D4 × A13, the correspondences are in agreement with Li [Li] and, Gross and 

Savin [GS] respectively. In [GS] Gross and Savin obtain the O-correspondence 

of the dual pair SL23 x Spin(8) from the minimal representation of E7,3. The 

correspondence in Theorem 1.4.1 is new. 

ACKNOWLEDGEMENT: This paper is part of the author's Ph.D thesis at Har- 

vard. He would like to thank his thesis advisor Prof. Benedict Gross for suggest- 

ing the problem. He is grateful to Prof. W. Schmid for pointing out Theorem 

3.7.1. The discussion with G. Savin was very helpful. The author's research is 

generously supported by a scholarship from the National University of Singapore. 

2. E x c e p t i o n a l  g roups  of  real  r a n k  4 

2.1 We refer to [GW2] §3 for the definition of a quaternionic real form Go of a 

complex linear group G(C). It has maximal compact subgroup of the form 

(6) K = SU2 xt,2M 

and we choose a positive root system ~+ such that the SU2 above corresponds 

to the highest root &. The Lie algebra go of Go has Cartan decomposition 

go =t@p. 

We define a self dual complex representation VM of M by 

(7) Res~Cv2 xM p(C) = S 1 ® VM. 

VM is a complex space of even dimension 2d. p is the tangent space of identity 

coset of G/K and SU2 (&) C K acts on it as d copies of its action on the quaternion 

algebra H. Thus this defines a quaternionic structure on G/K. 

2.2 Let Go be one of the adjoint quaternionic groups PSO(4, 4), F4,4, E6,4, ET, 4 

and Es,a of real rank 4. We index them by s = 0, 1, 2, 4 and 8 respectively. We 

tabulate the highest weight A of the M(C) module VM and its dimension 2d = 

6s + 8 below: 
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s Go VM A 2d 

0 D4,4 S~ Q S~ Q S~ - 8 

1 F4,4 (A3c6)0 w3 14 

2 E6,4 A 3 C 6 z~3 20 

1 Spin(4, 4) w6 32 4 E7, 4 ~ -- 

8 Es,4 minuscule w7 56 

2.3 There is a $3 action on the 90 which induces an automorphism of Go 

[L1]. The 4 exceptional quaternionic groups above contains the degree 4 cover 
Spin(4, 4) of PSO(4, 4). The $3 action stabilizes both Spin(4, 4) and its maximal 

compact subgroup as given in (4). It gives the outer automorphism group of 

Spin(4, 4), acts trivially on SU2(5) but permutes the other three SU2 in (4). For 

Es,4 and E7,4, the $3 action also stabilizes the subgroups in (1), (2) and (3). 

2.4 H1 Xc H2 in Go is called a dual  pair if the centralizer of Hi is Hi+l for 

i E Z/2Z. If H~ ×c'H~ is another dual pair in Go such that H~ C H1 and 

H2 C H~ then we call them a see-saw pair and write 

M(C) 
(SL2(A) x SL2(B) x SL2(C))/K4 

Sp6(C) 
SL6(C)/ a 

Spin12(C)/#2 
simply connected ET(C) 

H1 H~ 

H~ //2 

2.5 The subgroups in (1), (2) and (3) are dual pairs in Es,4 and E7,4 respec- 
tively. Those in E7,4 form the see-saw pair 

F4,4 SU2(A') × SU2(B') x SU2(C') 

(s)  N 

Spin(4, 4) SU2 

where SU2 embeds diagonally into SU 3. 

3. Quaternionic  representations 

3.1 Let Go be a quaternionic real group defined in §2.1 and let G be its double 
cover with maximal compact subgroup 

K := SU2(&) × M. 

In [GW1], Gross and Wallach constructed a series of representations 7r~ of G from 

G-equivariant line bundles. A more general construction using G-equivariant vec- 

tor bundles was studied by H. W. Wong [Wl] [W2], who generalized the results of 
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Schmid [$1]. We will call these representations the quaternionic representations. 

In this section we will derive some properties of these representations. 

3.2 Let L := U1 x M C K and define the homogeneous space D = D(G) := 

G/L. Define 

<o~,,~)>0 (~,a)<o 

q = [ + u ,  ~ : [ + ~ .  

q and ~ are opposite parabolic subalgebras with Levi factor [ = Lie(L). Since 

q A ~ = [, this implies that D has a complex structure and K / L  = SU2/U1 = 
]71 (C) embeds as a projective curve into D. 

Let W[k] = e-k~ ® W be a representation of L = U1 x M. We will denote the 

G-equivariant vector bundle constructed from W[k] by £(W[k]) or simply/2. 

3.3 Suppose D ~ is a complex submanifold of D, we denote 5r~, (£) as the holo- 

morphic sheaf of germs vanishing of order at least n along D' and AfD/D, be the 

normal bundle of D' C D. Note that .T~, (t:) is a coherent analytic sheaf and 

AfD/D, is supported on D t. Moreover there is an exact sequence 

(9) 0 --~ ~D1+1(£) --~ ~L"~), (£) __~ L®Symn(AC~/D ,) _+ O. 

We will denote the sheaf of holomorphic sections of £: by O(£:) and its Dolbeault 

complex over D by (~0,.(/2),~). Finally we will denote the sheaf cohomology 

H°(D, O(£(W[k]))) by H°(D(G), w[k]) or H'(D, W[k]). The left translation lg 

action of G on f~0,.(£:) induces a G-action on the cohomology H°(D, O(/:)). The 

next theorem summarizes the work of Schmid IS1], Wong [Wl] [W2], and Gross 

and Wallach [GW1] [GW2]. 

THEOREM 3.3.1: Let W be a finite dimensional irreducible representation ot 
M with highest weight # and k > 2 be an integer. Let £ = £(W[k]) be the 

G-equivariant bundle. Then 
(a) (f~o,.(£),~) has closed range property, that is, the image of-O is closed. 

H ° (D, W[k]) is a complex Frechet space; 
(b) Hi(D, W[k]) = 0 for i # 1; 

(c) Hi(D, W[k]) is an admissible representation of G of finite length. It has 
infinitesimal character p + p(G) - k~ and it is the globalization of the 

Zuckerm  module (see IV]) 

F1/L(HOmu(-~)(H(g), W[k])g) 
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where ~ = [ ® fi (see [V] for the definition of the Zuckerman functor); 

(d) H'(D,W[k])  has K-types (K = SU2(&) x M) 

~[~ Sk& -2+n ® (Symn(VM) e W); 
n:O 

(e) 7-/n := HI(D, iF~,(£.)) form an K-invariant filtration of Ul(D,W[k]).  

Moreover X • ~tn+l C 7in for all X E 9 and they satisfy 

n v S k-2+n ® Symn(VM) ® W, (i) ~-{n/)L~n_}_I ~ _ H l ( ~ l , E ® S y m  (Aft/p,)) -~ a 

(ii) N~ 7-/n = 0; 

(f) HI(D, W[k]) has Gelfand Kirillov dimension dim VM + 1 and Bernstein 

degree dim W. dim VM. 

(g) There is a unique irreducible G-submodule of Hi(D,  W[k]) which is gener- 

ated by the translate of the 'lowest' K-types 

S~-2 ®W. 

Proof." (a) and (c). See Thm. 6 [W2]. 

(b) A result of Schmid and Wolf [SW] states that 

(10) Hi(D,8)  = 0 

for any coherent analytic sheaf S if i > 2. It remains to prove the case i = 0 and 

the proof is similar to that  of Prop 5.7 [GW2]. 

(d) This follows by applying similar computations as in Sect. 9 [GW2] to the 
Zuckerman module in (c). When k is large, Prop. 54 [GW2] gives a direct verifi- 

cation. 

(e) Part (i) follows by applying the long exact sequence to (9) with D' = IP 1 . 

Part (ii) follows from (i) and (d). 

(f) See Prop. 5.7 [GW2]. 

(g) Note that H°(I? 1, W[k] @ AqVM[--1]) ---- 0 for q = 0, 1 since k is assumed to 

be at least 2. Now proceed as in the proofs of Cor. 24, Cor. 29 [W1]. Also see 

Cor. 6.5 [S1]. | 

3.4 By Proposition 3.2.12 of [V] and Theorem 3.3.1(d), every K-type of 

H 1 (D, W[k]) has highest weight of the form w + ~ a~ where c~i is a non-compact 

positive root of G. This justifies the use of the word 'lowest' K-type. 
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3.5 To save on notations, we will denote the Harish-Chandra module of 
Hi(D, W[k]) by 

H(G, W[k]) = H(W[k]):= F~:/L(HOmu(~)(H(g), W[k])L). 

Similarly a(G, W[k]) or a(W[k]) will denote the Harish-Chandra module of the 

unique irreducible submodule of H 1 (D, W[k]). If the representation H 1 (D, W[k]) 

descends to a representation of the quotient Go of G, then we may write it 

as H(G0, W[k]). The same applies to a(Go, W[k]). We will abuse notation 

and call H and a representations of G. Furthermore if the representations are 

unitarizable, we will use the same symbols to denote the corresponding unitary 

representations of G. 
We will call Hi(D, W[k]), its unique irreducible submodule or their Harish- 

Chandra modules quaternionic  representation of G. 

By Theorem 3.3.1(d) both H(G, W[k]) and a(G, W[k]) are SU2(&)-admissible. 

If H(G,W[k]) is unitarizable as a (g,K)-module, then it is irreducible and 

equals a(G, W[k]). Indeed otherwise, the orthogonal complement of a(G, W[k]) 

is a submodule which does not contain the lowest K-types and this contradicts 

Theorem 3.3.1(g). 

3.6 We will determine which quaternionic representation is in the discrete 

series. To do this we will apply a result of Schmid which says that it suffices 

to check its K-types (see Corollary 3.7.2). 
Recall that the K-types of a discrete series representation satisfy Blattner 

formula [HS]. First we will show that K-types of a quaternionic representation 

satisfy similar formula. Note that this is proven in Lemma 5.3 IS1] and Cor. 54 

[W1] under certain 'negative' assumptions. 

Let ~+, 4p+ and #P+ be the sets of positive, positive compact and positive non- 

compact roots of G respectively, and let p(G), Pc and p,~ be the corresponding 
half sums of the roots in the sets. Let W(K) be the Weyl group of the maximal 

compact subgroup K of G. Let 

aEO~ 

Define the formal character of K 

-- t~(H(D, W[k]) = ~ m~xi 

of all the K-types of the quaternionic representation H(D, W[k]). 
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LEMMA 3.6.1: Let # be the highest weight of the representation W of M and 

1 dim VM, and let XM(W) be its character. Suppose k > d + 2 where d = 

(11) A0 = ( k -  1 - d) 2 + # + p(M).  

Then 

~ o e w ( K )  sgn(a) e °(i°) 
(12) A c ' n  = 1-I~e¢+ (e~ - e-9) 

where xa(n)  is the character of S n. 

= xa(k  - 2 - d )XM(W ) 

{l& + w: w is a weight of VM}. 

oo 

A a  1 = e d V H  ( 1 - - e U + ~ ) - l =  Ee(d+~)Vrn '  
w n = 0  

w n : 0  

where T~ is the character of Sym~(VM). Hence 

n = x a ( k - 2 - d ) A ~  1 

e ( k - l - d ) r / A ~  1 _ e - ( k - l - - d ) r / A G 1  

er/  - -  e - - r /  

= ~ e(k-l+n)~TTn _ e--(k--l+n)VTn 

e ~ -- e - ~  
n~O 

= ~ - ~ x a ( k - - 2 + n ) T ~ .  | 
n = 0  

PROPOSITION 3.6.2: Assume the hypothesis of Lemma 3.6.1. In the case when 

Ao is a dominant weight with respect to ~+ and regular with respect to O+c , then 

the K- types  of  H 1 (D, W[k]) satisfy Blattner's formula. 

Proof'. This follows from Hecht-Schmid [HS] Lemma 5.7 which states that  (12) 

is equivalent to Blattner 's formula. | 

Let 7/= &/2; 

Proof: Observe that  we may say that W is the trivial representation. By (7) 

the set of non-compact roots ff~+ is 
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3.7 In [$2], Schmid constructed a U(g)-module with the following universal 

property: 

Let G be a real Lie group with maximal compact subgroup K such that  K 

contains a maximal torus of G. Let 7r be an admissible U(g)-module such that  7r 

contains no irreducible K-types  of highest weight A - Pc + Pn - Ac - An other 

than A - Pc + Pn where Ac stands for a sum of positive compact roots and An 

stands for a sum of distinct positive non-compact roots. Then 

Homu(g) (Q, 7r) _~ Home(rr,(A - Pc + pn), rr). 

This follows from Lemma 2.15, equation (3.3) and Lemmas 3.8 and 4.2 of [S2]. 

Furthermore, by Lemma 2.23 and Lemma 3.8 of [$2], the K-multiplicities in 

Q are bounded by those given by Blattner 's  formula. Let 7r = r~a be the discrete 

series representation with infinitesimal character A and lowest K- type  of highest 

weight A - Pc + Pn. By the universal property of Q, we conclude that  Q = 7rh. 

Hence 

THEOREM 3.7.1 (Schmid, Hecht Schmid): 

Homu(0)0rA, 7r) ~ Home0r~(A - pC + p~), 7r). 1 

C O R O L L A R Y  3.7.2: I[ ~r is a unitary representation with the same K - t y p e s  as n 

copies o f  a discrete series representations 7rA, then 7r = nTr A. 

Proof'. Applying Theorem 3.7.1 and taking orthogonal complement 

71" ~ 7r A OTrA ~ .  

Since 7r~- has the same K-types  as (n - 1)TrA, the corollary follows by induction 

on n. II 

4. A f i l t r a t i o n  of  H i ( D ,  W[k]) 

4.1 We will show that  there is a filtration of H I ( D , W [ k ] )  very similar to the 

filtration which gives the K-types  of H 1 (D, W[k]) in [S1]. A corollary of this says 

that  all unitary representations which we obtain via dual pair correspondence are 

unitary quaternionic representations. The author learned later that  similar ideas 

have appeared in the restrictions of the holomorphic discrete series [Ma] [JV]. 
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4.2 Suppose G'  C G are two quaternionic real groups containing the SU2(&). 

We have K' a K, M' C M, L C L', pl C D' C D, VM and VM,. 
Consider the short exact sequence of sheaves in (9) with £ = £(W[k]). Let 

VM/M, = VM/VM, as a representation of M' so that the vector bundle 

£ ® Symn(N'D/r),) v over D' is the G'-equivariant bundle induced from 

(W ® Sym'*(VM/M,))[k + hi. Define 

7-/~n := H'(D,.~),(£(W[k]))) 

and consider the long exact sequence of (9). By Theorem 3.3.1(b) and (10), we 

get 

0 -~ 7i~+ 1 ~ 7t~ -~ H'(D', (W N Symn(VM/M,))[k + n]) --~ O. 

Now we will state the main proposition which is the analogue of Theorem 

3.3,1(e): 

PROPOSITION 4.2.1: 7/" forms a [iltration ofHl(D,W[k]) such that 

(a) 7-/~,~/7-/~n+ , -- HI(D ', (W ® Symn(VM/M,))[k + n]), 

(b) N,~ 7-/" = 0. 

Proof It remains to prove part (b) and we will show that N ~ is a represen- 

tation of G' without K'-finite vectors. Since H I(D, W[k]) is SU2(&)-admissible: 

it is sufficient to show that the K'-types of Hi(D, W[k]) is the same as 

(13) 
oo 

E HI(D" (W ® Symn(VM/M,))[k + n]). 
n = 0  

Indeed the K~-types of (13) must contain 

E S k+n-~+m& ® Symra(VM ,)® Symn(VM/M ,) @W 
n=O m=O 

= ~7" S k-2+p @ W ® Symm(VM ,) N Symn(VM/M ,) 
p=O p n 

= k Ska-2+P ® W ® SymP(VM) 
p=0 

which by Theorem 3.3.1(e) equals the K'- types of Hi(D, W[k]). | 
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COROLLARY 4.2.2: 

and 

I f H ( G ,  W[k]) is unitarizable, then so are 

H(G' ,  (W ® Sym~(VM/M,))[k + n]) 

o o  

H(G,  W[k]) = G H(G' ,  (Symn(VM/M ,) ® W)[k + n]) 
n = 0  

as a representation of G'. l 

4.3 Let G be the double cover of one of the 4 quaternionic exceptional groups. 

We will describe the minimal representation lrz of G. 

In [GW1], Gross and WalIach showed that H(G,  C[k]) is unitarizable for k >_ d. 

There are 3 additional values of k < d where a(G, C[k]) is unitarizable, namely, 

k = s + 2, 2s + 2, 3s + 3, and the 3 unitary representations are denoted by Irz, Try 

and 7rx, respectively. Here Z c Y c X are the closure of the 3 orbits of M(C) 
in PVM(C). The K-types (K = SU2(a) x M) of 7rz are 

(14) ~z = 0 s~ +~ ® ~M(n~) 
f t : 0  

where A is the highest weight of VM. The K-types of rrx and Try are given in 

Prop. 2.2 [GW1]. 

The annihilator of 7rz is precisely the Joseph ideal in the universal enveloping 

algebra of Lie(G) so it is also called the m i n i m a l  representation of G. 

4.4 Let G' = H1 xc/- /2  be a dual pair where H2 is compact and let S be an 

irreducible representation of/-/2. We define the unitary representation O(S) of 

H1 by 
Resg, ~ : GO(S)® S 

S 

THEOREM 4.4.1: Given a dual pair H1 x c / / 2  in G where H1 is a quaternionic 
subgroup, that is, it contains SU2(&) and //2 C M. Then O(S) is a sum of 

quaternionic unitary representations of H1. 
Suppose Sym~(VM) = }-~iWi,n ® W~, n as irreducible representations of 

(H1 n M) x H2; then 

oo 

Z o(s) ® s c ~ Z o(HI, W~,n[n + sD ® w'~. 
S n = 0  i 

Proof: Let H'~ be the Harish-Chandra module of 7-/~ in Proposition 4.2.1. Since 

7rz is SU2(a) admissible, Irz decomposes discretely as a HI xcH2 module. Hence 
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any irreducible component of O(S) ® S is a submodule of G(H,JH,~+I ) . ~  I The 

theorem follows from Proposition 4.2.1(a) and Theorem 3.3.1(g). | 

Since these representations are SU2(&)-admissible, the K-types of O(S) are of 

the form 
s n ® W n  . 

By Theorem 3.3.1(g) and §3.4, we are justified in calling S~ ° ® W~ 0 the lowest 

K-type of O(S). 

4.5 For the dual pair Spin(4, 4) ×K4 Gs, O(S) is a direct sum of representations 

of the form 

: a(Spin(4, 4), S~ (9 S~ @ S~[k]). 

The $3 action (cf. §2.7) operates on the minimal representation and thus induces 

a symmetry on the dual pair correspondence which we will explore in the later 

proofs. Let s E Sa; then 

b s(a) = a(Spin(4, 4), S~(A) ® Ss(B) @ S~(c)[k]). 

4.6 Finally we produce some unitary representations needed in later proofs. 

H(F4,4, C [kl) is unitarizable if k _> 7 (cf. [GW2]) so by Corollary 4.2.2 

Res#4 H(z~4,4, C [k]) Spin(4,4) 
oo 

= ( ~ H ( S ~ n ( 4 , 4 ) ,  (Sym~(C~ + C~ + C~))[k + n]) 
n = 0  

= 0 0 H(Spi~n(4'4)'(S~®SbB®S~)[k+n])" 
n=0 aWb-[-c=n 

Therefore 

(15) H(Spin(4, 4), (S?~ ® S~ ® SS )[a + b + c + k]) 

is unitarizable. If k > 9 it is the discrete series representation by Corollary 3.7.2. 

PROPOSITION 4.6.1: Let S(a, b, c) = S~4 ® S b ® S~. Then 

R F , . ~  ~ a ( S p i n ( 4 , 4 ) , S ( a , b , c ) [ 6 + a + b + c ] ) .  eSspin(4,4 ) "KX 
a,b,c 

When a, b, c are strictly positive, the following sequence is exact: 

0 --+ a(Spin(4, 4), S(a, b, c)[6+a+b+c]) -+ H(Spin(4, 4), S(a, b, c)[6+a+b+c]) 

(16) -+ H(Spin(4,4), S(a - 1, b -  1 , c -  1)[7 + a + b + c]) --+ 0. 
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Otherwise, if at least one of a, b or c is zero, then 

(17) a(Spin(4, 4), S(a, b, c)[6+a+b+ ct) = H(Spin(4, 4), S(a, b, c)[6+a+b+c]). 

Proo[: Proposition 8.5 of [GW2] states that the sequence 

0 --+ 7rx -+ H(F4,4,C[6]) -+ H(F4,4, Oil0]) --+ 0 

is exact and H(F4,4, C[10]) is unitarizable. 

We claim that the sequence 

0 --~ lrx --+ O H(Spin(4, 4), S(a, b, c)[6 + a + b + c]) 
a,b,c 

(18) --+ O n(Spin(4, 4), S(a, b, c)[10 + a + b + c]) --+ 0 
a,b,c 

is exact as representations of Spin(4, 4). Indeed, we apply the filtration 7{" in 

Proposition 4.2.1 to get 

7{" -+ ~]~ n(Spin(4, 4), S(a, b, c)[10 + a + b + c]). 
a,b,c 

By (15) each snmmand in the image is irreducible, and we get 

7{'/7{'+1 --~ ~ n(Spin(4,4),S(a,b,c)[lO+a+b+c])--+ O. 
some a,b,c 

The claim follows from Proposition 4.2.1. 
Now we will break up the exact sequence (18) using infinitesimal characters of 

Spin(4, 4). This gives (16) and (17) for different infinitesimal characters. | 

5. D u a l  pa i r  c o r r e s p o n d e n c e  of  Es,4 

5.1 Recall that the minimal representation 7rz of E8,4 has K-types (K = 

SU2 x~ET)  
OO 

O sN+8(c ) ® 
N=0 

where A is the highest weight of the miniscule representation of E7 of 56 

dimension. 
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5.2 We will identify the various subalgebras of E8,4. 

Let & be the highest root of Es,4 and Spin(4,4). We will denote the set of 

positive roots for the compact groups/776 C E7 as: 

E 7 :  c8 - ] -c7 ,  si:]=gj, 1 < i < j < 6 ,  
6 

1 
(19) 5(es - ~7 + ~ +ei); 

i= i  

E 6 :  ei::t:ej 2<_i<j<_6, 
6 

1 ~ :t:Ci) ( 2 0 )  ( e s  - e 7  - e ,  - 

i = 2  

where there are an even number of positive signs in the summations in (19) and 

(20). We define the Lie subgroups Dn C E7 (n = 4, 6) as those having positive 

roots 

giigj ,  l< i<j<_n.  

Note that  the notations differ slightly from those given in Bourbaki [Boul] 

Planche IV, V, VI for the root systems of E7 and E6. 

5.3 Define 

& fes - e7 "~ 
r /=  2 '  A = e x p [ , ~ - - - ) ,  

fe~ - e6~ re5 + e 6 k  
B = e x p t ~  ) ,  C = e x p t , ~ ) .  

The Lie subgroup SU2 corresponding to &, A, B, C lies in the maximal compact 

subgroup K of Spin(4, 4) and coincides with those given in (4). 

6. Branching  rules I 

6.1 In this section, the Lie subgroup D5 C D6 is the Lie subgroup defined by 

the positive roots ei + ~j for 2 < i < j < 6 (cf. §5.2). 
In [G1], B. Gross states the following branching rule: 

LEMMA 6.1.1: 

E7 Ressu2 × Spi,(,2) 7r(NA) = ( ~  S~A(C 2) ~ 7r(az;u 6 -}- biiu 2 -]- Ci:;U1). 
a+2b+c=N 

We will need this lemma in §7. Since we could not find a proof of it in the 

literature, we will devote this section to proving it. We prefer to work on the 

level of Lie algebras. 



140 H.Y. LOKE Isr. J. Math. 

6.2 First we prove a lemma that  is very useful in deriving branching rules based 

on an idea from [HPS]: 

LEMMA 6.2.1: Suppose 7r(~1) and 7r([12) occur in the restriction of Tr(N1A) and 

7r(N2A), respectively. Then 7r(~1 + f~2) occurs in 7r((N1 + N:)A). Moreover, if 
the multiplicity of Tr(~l + ~2) is 1, then so a r e  71(~'~1) and 7r(f~2). 

Proof: By the Borel-Weil Theorem, there exists a holomorphic line bundle 

over the complex manifold ET/T such that  the global section F(E7/T, £®N) is 

the representation ~r(NA). Suppose vi • F(ET/T, ~®N,) (i = 1, 2) is the highest 

weight for 7r(t2i); then 

Vl ® v2 e F(ET/T, 2, ®(NI+N2)) 

is a highest weight for ~r(fll +~t2); vl @v2 is nonzero as vl and v2 are holomorphic. 

| 

6.3 Let 9 be a semisimple Lie subalgebra of e7. We align the Cartan subalgebras 

and choose a positive root system so that  a positive root space of t~ is also a 

positive root space of eT. We will use p(g) to denote the half sum of the positive 

roots. Let P7 -- p(cT) and P6 = P(¢6) so that  

1 

(21) P7 - P6 = 9A. 

Let 6p+ be the set of positive roots of 9- Then 

(22) sgn(o)e = e"(") H (1 - 
~ew(~) ~¢(~)  

This is a simple corollary of the Weyl Character Formula (WCF) which we will 

use repeatedly. (See Fhlton-Harris  [FH] Lemma 24.3.) 

6.4 Assume that  

(23) E7 ---- ( ~  re(c, gl) SeA (C 2) ® lr(~t). Ressv2 × Spin02) Ir(NA) 

where ~ -- r l w l  + - • " + r6~6 and re(c, ~) denotes the multiplicity of the repre- 

sentation. 
When N -- 1 and 2, we can verify Lemma 6.1.1 from the table given in McKay-  

Patera  [KP]. Lemma 6.2.1 shows that  the left hand side of Lemma 6.1.1 contains 
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its right hand side. We claim that it is sufficient to show that Lemma 6.1.1 holds 

for r l ,  c large compared to r2, . . . ,  r6. Indeed, this follows from Lemma 6.2.1 by 

observing that  S 1(C 2) ® ~(wt)  occurs once in the restriction of ~(A). The above 

claim is not absolutely essential but it helps to simplify matters. 

6.5 PROOF OF LEMMA 6.1.1: Taking characters on both sides of (23), applying 

the WCF and clearing the denominators on the right hand side of the equation, 

we get 

), e p(su2$~6) ~ s u20~ 6( 1  - e - a )  
Z sgn(a) ea(PT+N ) 

em [LT(X - e-a ) 
aEW(E7) 

(24) = E  m(c 'a ) (Ac+l -A-c -1 )  Z sgn(a) e~(P(~6)+~)" 
C,~ aEW(E6) 

With reference to Cartan [Ca] eqn. (24), p. 273, the 56 weights of A divide into 

2 orbits under the action of W(SU2 ×D6) generated respectively by 

1 1 1 1 
A = ~ l + ~ ( e 8 - ¢ 7 )  and w 6 + ~ ( e 8 - C T ) = ~ ( C l + - - - + e 6 ) + ~ ( ~ s - C T ) .  

Hence in the orbit of 56 weights of P7 + NA under the Weyl group W(ET), only 

the weight P7 + NA can contribute to large rl and c on the right hand side of 

(24). Let 

(25) E 0 =  E sgn(cr)e~(p'+N~)eP(Su2*°6)[I'u2*~6(1-e-a) 

aeW(E6) 

be the partial sum in the left hand side of (24). The above discussion shows that  

the power series expansion o[ E0 is 

(26) E m ( c ' ~ )  A ~+1 E sgn(a) e °(p(°°)+~) 
c,Ft aEW(D5) 

if rl, c is large compared to r2, . . . ,  r6. 
In general it is very tedious to compute the action of W(E6) on a weight. The 

key observation to get around this is (21) and the fact that the stabilizer of A in 

the Weyl group of E7 is the Weyl group of E6. Therefore we can apply (22). 

rO = eP7-P6+N'k Z sgn(a) e a(p6)ep(Su2e~6) 
e - a )  

H . ( 1  - e - a )  a~W(E6) 

k ¢6 

eP(~6) 1-Ios (1 - e -a )  
(27) = e N)~+p(~u2) 

H'(1  - e - a  ) 

eP(su2~o6) 1 - I s . 2 ~  (1 - e - a )  

I-L  (1 - e - a )  
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In the above equality, the product  1-I I is taken over roots of the form 

6 
~(£8-£7-}-el -[-E-t--ei) 

i=2 

where there  is an odd number  of positive signs in the summation.  

Let  

then 

(28) 

( l - r ( 1  _ e - a ) )  -1 
( 1 1 ) 

~-- E O" 
aeN~ 1--["(1 e-Z)  1 -- e-'XR 

( 15 / 
= E (7 II - -  6 - n ' X R n  , 

aeN5 (1 e-Z)  ,=0 / 

where N5 is the normal subgroup (-t-1)5=1 of the Weyl group W(Ds)  and the 
I! produc t  I-Iz is taken over weights ~3 of the form 

e i + e j ,  e i + e j + e k  +e t  

where i, j ,  k, l are distinct integers between 2 and 6 inclusively. 

Subst i tut ing (28) into (27), we get 

(29) (e;(~6) 1--['"(1 - e -~)  E e - m k R n  ' 

aEN5 

where the product  I-['" is taken over roots a of the form 

ei - ej,  2 _ < i < j _ < 6  

and the product  1-I (iv) is taken over weights ~ of the form 

e~(3) + " "  + e~(6) = 2w6 - Y(w2) 

where Y is a permuta t ion  of the set { 2 , . . . ,  6}. 

Similar to what  we did in (28), we set 

U -- {1 , (23) , (24) , (25) , (26)}  C W(Db),  
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and we get 

( / e "(~o) I1'"(1 - ~-~) = ~ sgn(~)~ e~(o°/1-I(V/(1 - e -~) Z (TR-~)m 
l -I( i~)(1 - e - ~ )  ~ u  m=o / 

= E sgn(~)~  sgn(a) e °(p(D6)) T R - 2 )  m 
NGU 

(30) = Z sgn(a) a e '(~6) (TR-2)  m 
a6S5 m : 0  

where the product [ I  (') is taken over roots c~ of the form 

e i - e j ,  3 < i < j < 6 .  

Finally, put t ing (30) into (29), we have 

(31) Eo = e N~+p(su~) E sgn(a)a e p(~6) Z(TR-2)mZe-~Rn " 

a6W(Ds) m=0 n : 0  / 

We are interested in those exponents e ~ where s = (Sl > " "  > It6]) that  lies 

in the Weyl chamber of ~6- The sum of those exponents in (31) is 

N [n/2] 

e p(~'~e°°) ~ ~ e(N-'n'~T'~R"-2" 
n : 0  m : 0  

---~ eP(su2~°6) E dCeaV°6+bw2+cwl 

a+2b+c:N 

and by comparing with (26) completes the proof of Lemma 6.1.1. | 

7. B r a n c h i n g  rules  II 

7.1 In this section we will derive the branching rule for the representation 

7r(NA) of E7 when restricted to Spin(8) XK4 SU 3. The main result of this section 

is 

PROPOSITION 7.1.1 : 

E~ 7r(NA) ReSspin(S) x K4 SV~ 

=- @(n 2 ~ 1) 7rSpin(8)(~) @ 

( sn4, ~ ~2 @ ~3 @ SymN-(n, + 2n2+n3+n4) (C 2 @C 2 @C2)) 
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where the sum is taken over all dominant weights f~ = nl tx71 q- . . -  if- n41:~74 of 

Spin(8) such that N >_ nl + 2n2 + na + n4. 

First we recall a well known branching rule (see Harris Fulton [FH] p. 426 or 

Boerner [Bo]): 

THEOREM 7.1.2: (a) Let D~ C b~ and 7r(fl) be the representation of bn with 

highest weight fl = (fix ~ " ' '  ~_~ fin ~ 0). Then 

Rest: (Tr(f)) = ~ 7r(~) 

where the sum is taken over all ~ = (~1 >_ "'" _ I~[) satisfying 

f l  ~ ~1 ~ f2 ~ ''" ~ ~n--1 ~ fin ~ I~nl, 

with the fli and ~ simultaneously all integers or all half integers. 

(b) Let bn-1 C Dn and 7r(f) be the representation of Dn with highest weight 

f = (ill >__ "'" >-- Iflnl). Then 

where the sum is taken over all ~ = (~1 >_ "'" >_ ~n-1 ~ O) satisfying 

with the f i  and ~i simultaneously all integers or all half integers. 

We will prove Proposition 7.1.1 by applying Lemma 6.1.1 and then further 

restrict the representation 7r(az~7 6 + b/x7 2 -]- czzT1) of Spin(12) to the subgroup 

SU2 2 x Spin(8). We prefer to work on the level of Lie algebras. 

7.2 Recall §5.2 and let (~1,. . . ,  e6) correspond to the Caftan Subalgebra (CSA) 

of D6. Let (El , . . . ,¢4)  correspond to the CSA of D4, and ¢5 - e6 and ~5 + E6 

correspond to the CSA's of ~u2(B) and su2(C), respectively (cf. (21)). 

Let 

p = ( 5 , 4 , 3 , 2 , 1 , 0 )  and ~ = ( 3 , 2 , 1 , 0 , 0 , 0 ) ,  

respectively, be the half sums of the positive roots of D 6 and D4. 

Put  ti = e e~. We define a power series ffJ(x) and its coefficients fn(t5,t6) fm 

n E Z by the following formula: 

(32) ffJ(x)---- H ( 1 - x t j ) - l ( 1 - x t ; 1 )  - 1 =  ~ faX ~. 
j = 5 , 6  n = - c ~  
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Note tha t  fn  are rat ional  functions in t5 and t6, f0 = 1 and f~ = 0 for n < 0 and 

f~ is the character  of Symn(C~ ® C~) for n >_ 0 (cf. (21)). These functions will 

be useful in the later proofs. 

7.3 We will use 

A = aw6 + bw2 + c~i  

to  denote  a weight of 06 throughout  this section. 

Let  

(33) ~ ~- (El ~ ~2 ~ ~3 ~ 1~41) = ?~l~;U1 ~- n2z/Y2 4- n31:u3 -}- nnw4 

be a dominant  weight of 04. Here ~i are half integers and ~ i  are the fundamenta l  

weights of 04 and 

nl  = E1 - ~ 2 ,  n2 = ~2 - ~3, 

n3 = ~3 - ~4, n4 = ~3 + ~4- 

Suppose the representat ion r~ 4 (t~) appears in the restriction of 7r~ 6 (A) to the 

subalgebra 04. By applying Theorem 7.1.2 four times, we see tha t  it is bo th  

necessary and sufficient for ft to satisfy 

a a a a 
(34) ~ + b + C > ~ l > ~ ,  ~ + b  _ ~ 2 > ~ ,  

a 
(35) ~ ~ ~3 ~ ]~4], a = 2~i (mod 2). 

Now suppose the lr~ 4 (t~) appears  in the restriction of 7re7 (N~).  We claim tha t  

it is bo th  necessary and sufficient for t2 to satisfy 

N > nl  + 2n2 + n3 + n4. 

Indeed necessity is clear. To show sufficiency, we have to produce a, b, c tha t  

satisfy c + 2b + a = N and (34) to (35). One can check tha t  a = n3 + n4, b = n2 

and c = N - 2 n 2  - n 3  - n4 will do. This proves the claim. 

7.4 Suppose 

ReSD,×SU2(B)×SU2(C) r t n i - ~ )  ® ~ n' i . 
i 

Taking characters  on both  sides and applying the W C F  and clearing denomina- 

tors, 

(36) EaeW(D6) sgn(a)  e a(p+A) 
[ - [ i , j , ( l _ t ; l t ~ l )  = e O - - P E  E sgn(~)e~(P+nd 'x i (B 'C)  

i -~eW(O4) 
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where ti -- e ~ and the product I]ti,j is taken over 

( i , j )  • ({1, . . . ,4} × {5,6}) U{(5 ,6)}  

and Xi(', ") is the character of SU2(B) x SUz(C). We need to deduce Xi. 

7.5 The Weyl group of ~4 acts transitively on its Weyl chambers so Xi is the 
coefficient of e ~+~. We will equate Xi with the left hand side of the equation. 

The left hand side of (36) can be written as 

-1  :t: n E sgn(a )ea (P+h) I I '  (t~ t j )  . 
a E W  i , j  = 

This shows that if e p+A where A = (/31 > .-. > ]/36]) on the left hand side of (36) 
contributes to e p+¢ where ~ = (~1 _> "'" >_ 1~41) on the right, then/3i >_ ~i for i 
= 1, 2, 3, 4. With reference to (34) and (35), we see that such exponentials can 

only come from the sub sum 

- - l ~ n  (37) ~ sgn(~) e °(°+A~ . I - [ '  (t i t ,  ) 
c r E W '  i , j  

where W '  C W(D6) = <4-1)~= 1 ~ $6 is the subgroup 

W' = $2 × {<1,1,1,1,-1,-1> >4 $4}. 

We can decompose (37) into 2 factors, each coming from a factor subgroup of 

W ' :  

(38) Eqn(37) ---- th" I .  J 

where 

5+b+c+~ 4+b+~ 4+b+~ 5+b+c+~ 
I = ( t  1 t 2 -- t I t 2 ) ~ ( t 1 1 ) k I / ( t 2 1 ) ,  

E { ( ( a 2 ) )  1 sgn(a) exp a 0 , 0 , 3 + 2 , 2 + 2 , 1 + ~ ,  
J - -  t5 aeS4 

+ e x p ( a ( 0 ' 0 ' 3 + 2 ' 2 + 2 ' - 1  a 2 ) ) } 2 '  

×k~(t31)k~(t41) ( 1 -  ~65)-1 (1 t5-~6) -1 

Let f~i = ~ be a dominant weight of ~4 as in (33) and we will compute the cor- 
responding Xi. First we calculate the contributions from I, that is, the coefficient 
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of the  t e rm t~l+5t~22+4. Let  

a 
(39) r = b +  ~ - ~2, 

(40) n '  = N - ~1 - {2 = N - (n~ + 2n2 + na + n4); 

then  the  coefficient tu rns  out  to be 

fb+c-(~l-~)fb-((2-{) -- fb-(~l-~)-lfb+l+c-({=-~) 
(41) = f ~ ' - T f r  - f r - ~ , - l f ~ ' + ~ , - r + l .  

Next  we compu te  the  cont r ibu t ions  from J .  We will need a resul t  abou t  rep- 

resen ta t ion  of  5u2 (see H a r r i s - F u l t o n  [FH] Exc 11.11): 

(42) srn(c 2) ~) sn (c  2) : srn+n(c2) q-,Jcm+n--2(C2) -{'-''" -~" slm--n'(c2). 

LEMMA 7.5.1:  The  coeff/cient . .  ~3 ~4 in J is the charac te r  of the represen-  

tation S~ ~ ® S~ ~ o / s u 2 ( B ) ®  su2(C).  

Proof: Define tl = tl, t2 = t2, t3 = t31 and t4 = t4-1; then  

{ ÷ . . . . .  } a 7 j=o,...,a ~+g j=o,...,3 J = t {  1 det ( t i  )i=a ..... 6 + d e t ( t ~  )i=a ..... 6 

x~(t31)~(t41) (l-- t5"~-1 

~-{ CaH(ti-tj,(t5-t6,'~-C-a~ (ti--~j)(~5 t16)} 

x t~l(tat4) ~ (ta - t4)~(t;~)~(t-~ ~) 1 - ~ )  1 - C -2  

= { c a + l I - [ (  l - t j '~- l t i  / + c - ( a+ l ) I I  (1 - t@tQ) -1 } 

2+8 f l  -- t5 ~ -2 1 
(tat4) (ta-t4)~P(ta')~P(tg 1) \ g j  (C-C_z) (43) X 

where  the  p r o d u c t s  in the  last  two equat ions  are taken  over all i = 3 ,4  and 

j = 5,6. 

Observe  t h a t  

(44) 

(t5)1( t6)l 
1 - ~  1 - ~  = ~ E BV-q 

n : 0  p+q=n 

xB(n), 
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(45) 

is 

(1),(1),  
1 t~5 1-t-7-~ : k  t--~ ~-~ Bp-v 

n=O p + q = n  

= 

n=O 

÷~3-}-24~4-+-1 Substitute (44) and (45) into (43) and we find that the coefficient of ~3 v4 

a a a a 

= XB([3 -- ~4)Xc(~3 + ~4) (by (42)) 

= XB(na)xc(n4). | 

7.6 We summarize what we have done so far: 

Let V (r, n') denote the representation of ~u2( B) x su2(C) that corresponds to 

the character in (41). Let ~t = nl~:~ 1 + n2~:~ 2 + n3W 3 -]- r t 4 •  4 and 

(46) W f l = S ~ 3 ® S ~ ' ®  ~ S ~ ® V ( ~ a + b - ~ 2 , Y - ~ l - ~ 2 )  
a~b~c 

where the summation is taken over nonnegative integers a,b,c such that 
c + 2b + a = N and satisfy (34) to (35). Then 

(47) RessEu 3 × Spin(8) lr(NA) = (~) W~ @ 7r0, (~) 
~ n l  ~:o+..-+n4 w4 

where the sum is taken over nl + 2n2 + n3 + n4 _< N. 

It remains to determine the summation in (46) which can be rewritten as 

(48) ~ S ~ A ® V ( 2 + b - ~ 2 , N - ~ I - ~ 2  ) = (n2 + 1 ) K - ' S  n'-2" Z.., A ® V(r, n'), 
cT2b-pa-~N r 

where the conditions on a, b, c are translated into those in the summation for 

n', r C Z (cf. (39) and (40)) which satisfies 

n '  T n l  
0 < r < - -  if n' )__ nl ,  

2 

0 < r < n '  i f n ' < n l .  

Since the summation on the right hand side of (48) depends only on n'  and nl ,  

we will denote the representation by W(n',  nl). The next lemma will determine 

W ( n  ~, nl) and complete the proof of Proposition 7.1.1. 
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LEMMA 7 .6 .1 :  

(a) W(n, nl) : S~' ® W(n,O), 
(b) W(n,O) = Symn(S~(C 2) (9 S~(C 2) (9 $1(C2)). 

Proof'. (a) By §2.3, e7 has an automorphism s of order 3 which acts on 04 as an 
outer automorphism. It stabilizes ~u2(A) x 5u2(B) x su2(C) by sending A to B, 

B to C, and C to A. The weight (n + nl)A is invariant under this automorphism 
so the branching rule in (47) is symmetric with respect to s. Let ~i = nlwl and 

~ j  = nlW3; then Wi = aWj, that is, 

= S n + n ' + s  S~) ® W(n, 0). S~ +~'+s (9 W(n, n~) ~ (9 

This completes the proof of part (a). 

(b) The character of W(n, 0) is 

[~/2] £ 

(49) E XA(n -- 2r ) ( f~- r f r  - - / r - ' f ~ - r + l )  = AP-qfpfq. 
r :O p + q : n  

Let the character of Symn(C 2 ® C 2 ® C 2) be 6,~(A, B, C). Then 

(50) H (1-  xA~BJCk) -1 : E 6nX'~" 
i , j , k : J = l  n 

Recall t5 = BC and t6 = C/B (cf. (21)) and hence 

i,j,k==l::l 

: E : . : :  E :  .A-": 
n n 

= E xn E Aa-bfpfq" 
n p + q = n  

By comparing the coefficient of x '~, we complete the proof of part (b). II 

8. P r o o f  o f  T h e o r e m  1.4.1 

8.1 We refer to (5) and, by Proposition 7.1.1, O(Tr(f~)) has K-types (K = 

su2 × su~) 

(n2 + l)@S N+n'+2n2+n3+"4+s (9 (S~'  ®S~2® S~ a ® SymN(C 2 ® C  2 ® C2)). 

N 
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Let 

Hn -- H(Spin(4, 4), S~ ~ ® S~ 3 ® S~4[10 + nl + 2n2 + n3 + n4]). 

Comparing with Theorem 3.3.1(d), O(Ir(fl)) has the same K-types as n2 + 1 
copies of Ha which is irreducible by §4.6. It remains to show that 

0(~)  = (n2 + 1)Hn. 

By Corollary 3.7.2, Hn is the discrete series representation with infinitesimal 

character ~+~. Theorem 4.4.1 and the information on the lowest K-types implies 

that 

O(~) D (n2 + 1)Hn. 

Since both representations have the same K-types, this is an equality and 

Theorem 1.4.1 is proven. 

Alternatively, by Proposition 3.6.2, Hn satisfies Blattner's formula and the 

theorem follows immediately from Corollary 3.7.2. 

9. Dual  pair correspondences  of  E7,4 

9.1 Recall §2.4 that E7,4 has maximal compact subgroup 

K = SU2 ×t,~ Spin(12) 

and V = VM is the 32-dimensional half-spin representation of Spin(12) with 
highest weight A = w6. The minimal representation Irz of E7,4 has K-types 

(51) ( ~  sN+4(C 2) ® 7r(Nw6). 
N = 0  

9.2 First, we will identify the various subalgebras of E7,4. Following Bourbaki 

[Boul] Planche IV we denote the positive roots of the compact Lie subgroup 

D4 C ET,a (resp. D6) as 

(52) ¢i +e j ,  l _ < i < j < 4 ( r e s p .  6). 

Therefore the 1-spin representation of D6 has highest weight 

1 
Z~36 : ~ ( e l  -{- " " " + ~6)"  
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Define 

(53) 

(54) 

(55) 

[ C1 2r ~2"~ A' ( e l  - e2"~ 
A = e x p k ~ - - - ) ,  = exp \  2 ] '  

f e3 + e4 "~ B' f e3 - e4 "~ 
B = e x p t , - - Z - -  ) , : e x p t , ~ ) ,  

(g5 ~- e6 ~ C '  { es - e6 "~ 

The SUz's defined by A, B, C and A', B', C' agree with (4) and (3), respectively. 

Suppose 

E 7  4 (56) Res.A×su ~ rz = @  O(n)® S n, 
n 

( 5 7 )  ~. E7,4 tteSspin(4,4)xK4SU3 7rz = O O(a,b,c) ® ( S~4, ® SbB , ® S~,),  
a,b~c 

where the sum is taken over all irreducible representations of SU2 and SU 3 

respectively. The objective of the rest of this paper is to compute the above 

dual pair correspondence given in Theorems 12.2.1 and 1.4.1. 

10. Branching rules I I I  

The main results of this section are 2 branching rules: Proposition 10.1.1 and 

Lemma 10.2.1. If the reader is willing to believe them, he may skip this section 

without loss of continuity. 

10.1 Recall (52) and put t~ = e ~'. We define a power series ~(x)  and its 

coefficients fn(t3, t4) for n c Z by the following formula (cf. (32)): 

O2(x)-- r I ( 1 - x t j ) - l ( 1 - x t ;  1)-1-- ~ S"z~" 
j=3,4 n=-oo  

Note that  fn = 0 for n < 0 and fn is the character of Symn(C~ ®C~,)  for n > 0 

(cf. (54)). Also recall that d = tv/~/2 (cf. (53)). 

PROPOSITION 10.1.1: Let 

H = SU2(A) x SU2(B) × SU2(C) × SU2(A') × SU2(B') × SU2(C') 

and suppose 

R Spin(12) e s .  7r(Nw6) = E Wn(a ,  b, c) ® (S~4, ® Sbs , @ S~,), 
a~b~c 
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where WN(a,b,e)  is a representation of SU2(A) x SU2(B) x SU2(C). When 

a > b + c and a + b + c is an even integer, then 

WN(a, b, c) = S~ @ S b @ SymN-a (c  2 @ C 2 ® (22). 

By 12.1(a), the condition that a + b + c is an even integer is superfluous. 

Proposition 10.1.1 is a consequence of the next lemma. 

LEMMA 10.1.2: (a) Suppose a > b + c and a + b + c is an even integer; then 

WN(a, b, c) = S~ ® W n - c ( a  -- c, b, O) = S b ® WN-b(a -- b, O, c) 

(58) = s ~  ® s ~  ® W N - b _ ¢ ( a  -- b - e, 0,0); 

(b) WN(2a, 0, 0) = WN_2a(O, O, 0); 
(C) WN(O , 0, 0) ~--- S y m N ( C  2 ® C 2 ® C2). 

This section is devoted to proving Lemma 10.1.2. The proof in many areas 

resembles that  of §7. 

As a corollary of §7, we have the following branching rule: 

(59) I:~'~-Spin(12) "~"~Spi.(S) ×SU2 × SU2 7r(Nw6) -- ~ 7r(dw2 + ew3 + ev~4) ® S 5 ® S~,. 
c+2dTe=N 

Suppose 

(60) 

where Y(a,b)  is a representation of SU2(A) × SU2(B). 

character of V(a, b) in the case a > b + c. 

R Spin(8) 
eSsu2(A,)xS~2(B,)xSU2(A)xSU2(B ) ~r(dw2 + cw3 + ew4) 

= ~ ( S ~ ,  ® S~,) @ V(a, b) 
a,b 

We will compute the 

10.2 Recall that  the Weyl group of D4 is (± l )n= l  ~ $3. We will apply the 

WCF to (60) and we have to be careful in choosing the right Weyl chamber of 

D4: 

(1) Acting by triality, we change the representation to 7r(ewl + dw2 + cw4). 

(2) Next we apply the elements (13)(24) and (1 , -1 ,  1 , - 1  / in the Weyl group 

to the representation. 

We illustrate the corresponding actions on the Dynkin diagrams. 

A' Step (1) B \ Step (2) B' 

B ~ A' A 
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In this case we have 

A' = q + e2, B '  = e I - -  e2, A = ea - e4, B = e3 + ca. 

Let 

(61) A = ez=l + dw2 + c~4. 

Let W (resp. W) be the Weyl group of D4 (resp. D2), x(a, b) be the characters 

of V(a, b), p = (3, 2, 1, 0) (resp. ~) be the half sum of the positive roots of D4 

(resp. D2) and ti = e ~. Applying the WCF to (60) and clearing denominators, 

~ o e w  sgn(cr) e "(p+a) 

I-I'id (1 - t.~tt~) 
(a - b))) .  x(a,  b) 

1 
(62) = eP-P E E sgn(~) exp(~( (a + b + 1), 

a,b K E W  

where the product  l-I'i,j is taken over 

(i,j) e ({1,2} × {3,4}) W {(3,4)}. 

The left hand side of (62) can be written as 

- - 1  i n  E sgn(6) ea(P+A)H t (t i t j )  . 
a C W  i , j  = 

To find x(a,  b) for a > b + c, we only need to consider certain exponents in the 

numerator  of (62) and then compute their coefficients. These exponents are of 
1 the form e L where L = ( q , . . . , e a )  such that  q > e2 > ~ c +  1. Since the Weyl 

group of D 4 acts transitively on its Weyl chambers, only the following sub sum 

on the left hand side of (62) will contribute: 

(63) ~ sgn(a) e °(p+A). H '  (t~-lt~ :)n , 
a E W '  i, 3 

where W'  C W = {+1)4=1 :~ $4 is the subgroup 

(64) W'  = $2 x {<1, 1 , - 1 , - 1 >  >~ $2}. 

We decompose (63) into 2 factors, each coming from a factor of W'  in (64): 

(65) Eq. (63) = ta .  I .  a 

we get 
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where  

3+ewd+~ 2+d+~ 2+d+~ 3+eWd+~ 
= ( t ,  t 2 - t ,  t 2 ) ~( t~ - ' )k~( t2 ' ) ,  

1 ( ( 3, 4]J = t3 E sgn (a )exp  a 1 + t  ~ t ~'~'~ 
aC(1,1,--1,--l> NS2 

x (1 - t~-1t4)- l(1 - t~lt-~l) -1 

= x B ( c ) .  

Next  we ca lcula te  the  cont r ibu t ions  from I, t ha t  is, the  coefficient of the  t e rm 

$~(a+b)+3t~2(a-b)+2. This  tu rns  out  to  be 

(66) b ~ c f b ~ c - b _~ c b ~ c feWd-7-(~--7) d+7-(~-~) fd--~-(2-7)-lfe+d+l+7-(-~-7)" 

Denote  the  above  charac te r  by F(e, d, b, a -  c) so tha t  the  charac te r  of WN (a, b, c) 

is 

(67) XB(C) E xc (e )F(e ,  d, b, a - c). 
eT2d=N--c 

Proof  of  Lemma 10.1.2: (a) The  sum in (67) depends  only on N - c and  a - c. 

There fore  we conclude t h a t  

W N ( a ,  b, c) = SCB ® W N - c ( a  -- c, b, 0). 

Since the  a rgumen t  is s y m m e t r y  with  respect  to B and C, we also get  

WN(a, b, c) = S~ ® WN-b(a  -- b, 0, c). 

A p p l y i n g  the  above  twice, once each for B and  C, we have (58). This  proves pa r t  

(a). 
(b) and  (c). By (67), the  charac te r  of WN(2a, O,O) is 

Z Xc(e)  ( fe+d-afd-a -- fd -a- l f~+d+l-a)  
e+2d=N 

= E x c ( N -  2 d ) ( f N - a - d f d - a  -- fd-c,-lfN-,~+d+l) 
a<d<N/2 

IN'/2 l 

(68) = E x c ( N '  - 2d')(fN,-a, fa, -- f d ' - l fN ' -a '+ l )  
dr=0 

where  d'  = d - a and  N '  = N - 2a. By L e m m a  7.6.1(b) and  (49), (68) is the  

cha rac te r  of 
S y m  N' (C 2 @ C 2 (~ C 2). III 
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LEMMA 10.2.1: Let a,b,c be non-negative integers. Then the lowest K-type ot 

the representation (~(b + c, a + c, a + b) is 

s4+a-~-b+c& ~ S Aa ® S b (~ S~.  

Prod." We apply the same analysis from (60) to (62). In order for the K- type  

to be lowest, it is necessary that (cf. (61)) 

= c w l +  ~'(b + c)w4. A 

Next we argue as from (62) to (64) but we need to replace (64) with 

W ' =  {1, (23), (24)} x {(1, 1 , - 1 , - 1 )  >4 $2}. 

Let T(a, b, c) be the lowest K-type; then its character can be computed in a 

similar manner as in (65) and (66): 

( f ~ + 2 - ~ - ~ - 2  XB(a + b) - f%-~¢-+l- ~-e-2 X , (  a + b)xc(1) Xc(c) 

+ f ~ 2 b _ ~ _ 2  XB(a + b + 2) ) .  

The observation is that the formula within the bracket in the above equation is 

independent of the value of c. This allows us to conclude that 

T(a, b, c) = S~ ® ~-(a, b, 0). 

Since the representation T is symmetric with respect to its entries a, b, c, 

T(a, b, c) = S~, ® S b @ S b ® T(0, 0, 0). 

The lemma follows as 7(0, 0, 0) = C. II 

11. Branching  rules IV 

11.1 Consider SL6 C GL6 C Spin(12). Spin(12) and SL6 have positive roots 

Spin(12) : e i ± c j  w h e r e l < i < j _ 6 ,  

SL6 : e i - e j  w h e r e l < i < j _ < 6 .  

We denote the half sum of the positive roots as 

p = p(D6) -- (5,4,3,2,1,0) ,  

' 2 ' 2 '  2'  2' " 
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We denote the fundamental weights of GL6 as 

wl = 1 ( 1 , - 1 , - 1 , - 1 , - 1 , - 1 ) ,  
Z 

1(1, 1, 1 , - 1 , - 1 , - 1 ) ,  ~ 3  ~ 

1 (1, 1, 1, 1, 1 , -1 ) ,  U75 ~- 

and the fundamental weight of Spin(12) as 

w5 = ~ (1 ,1 ,1 ,1 ,1 , - 1 ) .  

11.2 We will prove a branching rule mentioned in Gross [G1] since we could 

not find a proof of it. 

LEMMA 11.2.1: 

R Spin(12)  
escL  ° 1r (Nw~) = E ~r(awl + bw3 +cw5). 

a+b+c=N 

Proof." The lemma is true for N = 1 (cf. [KP]). Since the representation 7r(v~5) 

of GL6 appears in the branching rule for N =1, by Lemma 6.2.1, it suffices to 

prove the lemma for large N and c. 

Suppose 
R Spin(12)  

eSGL 6 7r(Nws) = ETr(A~); 
i 

then applying the WCF and clearing denominators we get 

(69) E a e W ( D 6 )  sgn(a) e a(pq-gwS) , = sgn(a) e . e~Fl~_<~<~_<~(1-e-~,-~) e-~ ~ ~ ~(~'+~') 
i trESs 

We only have to consider the coefficients of e ~ where A = ~ i  a~ei lies in the 

Weyl chamber of GL6 (that is, al _> ' "  _> a6) in the power series expansion of 

the right hand side of (69) with c = a5 - a6 large. These exponents are contained 

in the sub sum 
T z E a E H  sgn(a) e Nw~+a(p) 

eP I]l<i<j_<6(1 - e - ~ ' - ~ j )  

where H ~_ $6 C W(Ds) is the stabilizer of the fundamental weight Ws. Recall 

formula (22), 

6 

Z e~(~) = e~ 1-I ' (1 - e-~'+~') [ [ ( 1  - e -~'-~°) 
aE H i,j  i= l 
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! 

where the product  I~i,j is taken over all 1 _< i < j _< 5. Subst i tut ing the above 

formula into T, we get 
! 

(70) T = e N'~5 [ I i ' j ( 1  - e - q  +~' ) 
! - 

I lk , j (1  - e - ~ ' - ~ , )  

We have the part ial  fraction expansion 

(71) 

{1-I'(1- 
i,j 

: E { 1-I ' '(1 - - e ~ k + e ' - e i - ~ ' ) 1 - I  '(1 -- X e - e k - ~ ' ) }  -1 
l<k<Z<5 i,j 

where [I'i',j is the sum over all 1 < i < j _< 5 such tha t  i , j ,  k,  l are distinct. Let 

X --- 1 and put  (71) into T so tha t  T is a sum of terms of the form 

{ N ' - ' . ( l - e - q + q ~  } 1 ,  ,~,:, 
(72) A e "  ,-r-7. . . . .  

yIw(1  - e~k+~k-~-~J) 1 -- e-~ ' -~J  

for some integer A and some weight w depending on k < 1. Applying the part ial  

fract ion expansion to the factor in { } in (72), we can write T as a sum of terms 

of the form 
Ae', '  { ( l _ e e k + ' k - e , - e , ) ( l _ e - e k - e , ) }  -1  " 

Looking at the power series expansions of these terms, there is only one term 

such tha t  it has summands  e ~ where A lies in the Weyl chamber of GL6. This is 

the te rm where i = 2, j = 3, k = 4, l = 5, co = N w 5  and A = 1. Its power series 

expansion is 

= eNw5 ern(~a--Ws) en(Wl --wa) 

\ m = O  / \ n = 0  / 

and this proves the lemma. 1 

12. T h e  m a i n  r e s u l t s  fo r  E7, 4 

12.1 Let  C 6 denote  the s tandard  representat ion of SU6 D Sp 6. Lemma  11.2.1 

gives the O-correspondence for the dual pair E6,4 x U1 tha t  was ment ioned in 

Gross [G1]. 
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THEOREM 12.1.1: 

Then 

H. Y. LOKE 

Suppose 

a E,,, OO,(n)®U5 e S E 6 , 4 x U  1 71Z = 

n E Z  

(~'(n) = (~(E6,4, Symn(C6)[6 -t- n]) 

in the notation of §3.6. In particular, 0'(0) = Try of E6, 4. 

Isr. J. Math. 

THEOREM 12.2.1: Suppose 

(73) ~, E,,, ~esF,,~×su~ ~z = ( ~  O(u) ® S  n 
n 

where the sum is taken over all irreducible representations of SU2. Then 

(a) O(2k + 1) = 0. 

(b) O(2k) = a(F4,4, (SymkC6)[6 + k]) and it has infinitesimal characte~ 

fl(F4,4) -~- k¢i71 - (3 -t- l k ) a  where va 1 is the highest weight o f C  6 (el. [Boul]). 

Proof: (a) The center - 1  of SU2 acts on O(n )® S n by multiplication by ( -1)  n 

but  it acts trivially on 7rz. 

(b) To save on notat ion let 

From the see-saw pair 

and Theorem 12.1.1, 

(74) 

ak = a(F4,4, Sym k C6[k + 6]). 

E6,4 SU2 

F4,4 U1 

oo 
E6,4 r~esF,,,×su2 ~Y(E6,4) = (~) e(2k). 

k = 0  

By Proposition 4.2.1, (74) is contained in 

oo 

Gr(H(E6,4, C [6])) : ~[~ H(F4,4, Sym k C6[k + 6]) 
k = 0  
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and hence 

(75) e(2k) c 
k=0 k=0 

By Lemma 11.2.1 the lowest K-type of 0(2k) occurs when N = k and it 

equals S~ +4 @Symk(C 6) as representation of K = SU2(&) x,2 SP6 (ef. (51)). By 

Theorem 3.3.1(g), crk C O(2k) and, in view of (75), the proof is complete. | 

12.2 Recall (57) 

E7 4 (76) Resspin(4,4) xK~SU~ ~z = ~ )  e(a, b, c) ® (S~, ® S~, ® S~,). 
a,b,c 

We would like to make the following remarks: 

(a) O(a, b, c) is trivial unless a + b + c is an even integer. This follows from the 

fact that  x = ( - 1 , - 1 , - 1 }  lying in the center of SU23 acts on 

e(a,  b, c) ® (S~, ® SbB , ® 85, ) 

by multiplication by ( -1 )  a+b+c but x acts trivially on 7rz. 

(b) The $3 outer automorphism of Spin(4, 4) ×K, SU3 permutes the sets {A, A'}, 

{B, B'}, {C, C'} (cf. §2.3). Since the $3 action comes from inner automorphisms 

of E7,4, the above correspondence in (76) respects this action. Therefore, without 

loss of generality, we may assume that a > b, c. 

(c) From (a), since a + b + c is even, there exist integers a', b', c' such that 

a = br + c ~, b = c~ + a ~, c = at + b'; 

a, b, c will form the sides of a triangle if and only if a', b', c' are non-negative. If 

a', b ~, c' are strictly positive, we will call this case I. Otherwise it will be called 

case II. 

12.3 Let S ( a , b , c )  a b a SU 3 (: = S A ® S  B ® S  C be a representation of M = Spin(4, 4) 
(cf. Proposition 4.6.1). 

THEOREM 12.4.1: (a) O(a, b, c) = 0 i ra  + b + c is no t  an even integer.  

(b) Case I: Le t  a, b, c be 3 pos i t ive  integers. T h e n  

O(b + c, a + c, a + b) = a(Spin(4, 4), S(a ,  b, c)[6 + a + b + c]) 

and  it sat is~es the  fol lowing exac t  sequence:  

0 -~ O(b + c, a + c, a + b) --+ H(Spin(4, 4), S(a, b, c)[6 + a + b + c]) -+ 

--+ H ( S p i n ( n , 4 ) , S ( a -  1 , b -  1 , c -  1 ) [ 7 + a + b + c ] )  ~ O. 
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It has infinitesimal character 

b + c  1 
a + l +  2 ' + - -  

b + c  b + c  b - c )  
2 '  2 '  2 " 

(c) Case II:  Suppose a >_ b + c, a + b + c is an even integer. Then 

(77) O(a, b, c) = H(Spin(4, 4), S(0, c, b)[6 + a]) 

and it has infinitesimal character 

( 2  a b + c  1 b - c ~  
+ 1 , ~ , - - ~ +  , 2 ] "  

/ f  a -- b + c + 2, O(a, b, c) is the limit of the discrete series representation. 
a > b + c + 4, O(a, b, c) is the discrete series representation. 

/ f  

Proof: (b) Let a, b, c be non-negative integers. By Lemma 10.2.1, we get 

(78) e(b  + c, c + a, a + b) D a(S(a, b, c)[6 + a + b + c]). 

In view of the seesaw pair in (8), the SU2-invariant subspace in S(a, b, c) is either 

0 or 1 dimensional. The latter will occur if and only if a, b, c form the sides of a 

triangle (cf. §12.3(c)). Therefore by Theorem 12.2.1 

R g, 4 eSspin(4,4 ) 7rx (F4,4) = ( ~  O(b + c, c + a, a + b). 
a,b,c 

(16) and (17) of Proposition 4.6.1 show that (78) is indeed an equality and this 

proves part (a). 
(c) The case a = b + c has been proven in (b). Assume a _> b + c + 2 and, by 

(15), 

(79) H(Spin(4, 4), S(0, c, b)[6 + a]) 

is irreducible and unitarizable. When a > b + c + 4 it is the discrete series 

representation (cf. §4.6). Otherwise it is the limit of the discrete series. Hence 

it remains to prove (77). By Lemma 10.1.1, the K-type of O(a,b,c) is 

S~ +~+n ® Sym'~(C~ ® C~ ® C~) ® S(0, c, b). 
n=0 

This equals the K-types of (79) by Theorem 3.3.1(d) so the theorem follows from 
Theorem 4.4.1. | 
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