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ABSTRACT

In this paper we state and prove the dual pairs correspondences of
Spin(4, 4) x Spin(8) in Eg,4 and Fy 4 x SU3 and Spin(4,4) x SU$ in E7 4.
For the first dual pair, every finite dimensional representation of Spin(8)
occurs and each corresponds with finite but unbounded multiplicity to
a quaternionic representation of Spin(4,4) having the same infinitesimal
character. For the other two dual pairs the correspondences are one to

one.

1. Introduction

1.1 Let Gy be the real adjoint Lie group of type Fg 4 or E74 with real root
system of type Fy. Eg 4 contains subgroup
(1) Spin(4,4) x g, Spin(8)

where Ky = Z/2Z x Z/2Z is the diagonal subgroup lying in the center of the spin
subgroups. E7 4 contains the subgroups

(2) Fyq4 % SU, and

(3) Spin(4,4) x k, (SU2(4") x SU(B’) x SU2(C"))

where Fy 4 is the simply connected split group. Here A’, B’, and C’ are the
indices to distinguish between the three SUj’s.

Received April 19, 1998

125



126 H. Y. LOKE Isr. J. Math.

1.2 In [GW1] and [GW2], Gross and Wallach constructed the minimal repre-
sentation 7z of Gg by continuation of the quaternionic discrete series. In this
paper we will restrict the minimal representation to the three subgroups described
above and derive their dual pair correspondences or Howe correspondences.

1.3 Before stating the main results, we need to define some notations. We
denote the finite dimensional complex representation of a Lie group G or its Lie
algebra g with highest weight A by mg(A) or my(A). Following [Boul] Planches,
we will use wy,...,w, to denote the fundamental weights of G. Finally S$™(C?)
or S™ will denote the representation Sym™(C?) of SUs. u, will denote the finite
cyclic group of order n. Suppose a finite group C' is contained in both the centers
of groups G; and G2; then we denote

G1 xc Gg 1= (G1 X Gz)/{(s,s): 8 € C}

1.4 Choose a positive root system of Spin(4, 4) with respect to a compact Car-
tan subgroup such that the highest root & is a compact root. Denote the other
three compact roots by A, B and C (see (53), (54) and (55)). Then Spin(4,4)
has maximal compact subgroup

(4) SU»(&) X ., (SU2(A) x SU(B) x SU3(C))

where each SU; corresponds to a compact root. Let Q@ = nywy + -+ + ngwy
be a dominant weight of Spin(4,4) and let 7,(p,)+q be the quaternionic discrete
series representation with infinitesimal character p(D4) + € and lowest K-type

SZI+2n2+"3+n4+8 ® SZI ® ng ® ng.
It has Harish-Chandra module (see §3.5)
H(Spin(4,4), S}' ® S5 ® S*[n1 + 2ng + ng + ng + 10]).

We are ready to state the first main result of this paper:
THEOREM 1.4.1: By restricting to the dual pair Spin(4,4) xk, Spin(8), 7z
decomposes as
E
(5) Resg i (4.4)xSpin(8) T2 = ) O(r()) ® 7(Q)
Q=n1w1+...+n4w4

where the sum is taken over all irreducible representations of Spin(8). ©(m(Q))
is (ng + 1) copies of the quatenionic discrete series Tp(p,)+q of Spin(4,4).
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1.5 There is a S5 action on Eg 4 and when restricted to the maximal compact
subgroup K becomes the S3 outer automorphism (see §2.3 and [L1]). Observe
that the above correspondence respects this automorphism.

1.6 The proof of the theorem occupies §5 to §8, which is almost independent
of the rest of the paper. The method of proof is straightforward by first showing
that ©(m(Q?)) has the same K-types as those of the discrete series. The bulk
of the proof is the branching rules given in §6 and §7. Finally we will use the
branching rules, Blattner’s formula and a result of Schmid and Hecht-Schmid
given as Corollary 3.7.2 to conclude Theorem 1.4.1.

1.7 Since the Weyl group of D, contains —1, Spin{4,4) and Spin(8) are in-
ner forms of one another and hence they have the same Langlands L-group.
The Langlands parameter of a discrete series is determined by its infinitesimal
character. Therefore the correspondence in Theorem 1.4.1 agrees with the cor-
respondence of the Langlands parameters induced by the identity map between
the L-groups.

We would like to mention that B. Gross had previously conjectured that
O(m()) D my(py)+a-

1.8 The correspondences of the two dual pairs in F7 4 are given as Theorems
12.2.1 and 12.4.1. They are formulated in terms of quaternionic representations
which we will introduce in §3.

The proof of Theorems 12.2.1 and 12.4.1 are less direct as compared to Theo-
rem 1.4.1 because in these cases we do not get the discrete series representations
so neither Blattner formula nor Corollary 3.7.2 holds. To get around this problem
we start with the construction of the minimal representation and prove Theorem
4.4.1 which states that the representations obtained via dual pair correspondence
are quaternionic representations. More importantly the theorem gives an upper
estimate for the quaternionic representations that could occur in the restriction.
The crucial observation is that the correspondence for the dual pair Fy 4 x SUq
attains this upper bound! Then by using the method of see-saw pairs and com-
puting K-types we get Theorem 12.4.1.

1.9 Theorem 4.4.1 could be sharpened to give better estimates. We will treat
this in a different paper. In this paper we only do enough so as to prove the three
correspondences.

1.10 The restrictions of the minimal representations of the exceptional groups
to dual pairs of the form Gy 3 x H where H is compact are studied in Huang-
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Pandzic-Savin [HPS]. Also see [Lil] and [Li2] for other exceptional dual pairs
correspondences.

1.11 'Theorems 1.4.1, 12.2.1 and 12.4.1 lead to correspondences of the infinitesi-
mal characters for the dual pairs. (See [Ho] §4(f), [Pr], [Li].) For the pairs Fjy x A,
and D4 x A}, the correspondences are in agreement with Li [Li] and, Gross and
Savin [GS] respectively. In [GS] Gross and Savin obtain the ©-correspondence
of the dual pair SL% x Spin(8) from the minimal representation of E73. The
correspondence in Theorem 1.4.1 is new.

ACKNOWLEDGEMENT: This paper is part of the author’s Ph.D thesis at Har-
vard. He would like to thank his thesis advisor Prof. Benedict Gross for suggest-
ing the problem. He is grateful to Prof. W. Schmid for pointing out Theorem
3.7.1. The discussion with G. Savin was very helpful. The author’s research is
generously supported by a scholarship from the National University of Singapore.

2. Exceptional groups of real rank 4

2.1 We refer to [GW2] §3 for the definition of a quaternionic real form Gy of a
complex linear group G(C). It has maximal compact subgroup of the form

(6) K =SUy x,,M

and we choose a positive root system ®* such that the SU, above corresponds
to the highest root & The Lie algebra gy of Gy has Cartan decomposition

go=tdp.
We define a self dual complex representation Vjs of M by
{7) Resdy, xu P(C) = S5 ® Var.

Vum is a complex space of even dimension 2d. p is the tangent space of identity
coset of G/ K and SU,(&) C K acts on it as d copies of its action on the quaternion
algebra H. Thus this defines a quaternionic structure on G/K.

2.2 Let Gy be one of the adjoint quaternionic groups PSO{4,4), Fy 4, Fg 4, E7 4
and Ejg 4 of real rank 4. We index them by s = 0, 1, 2, 4 and 8 respectively. We
tabulate the highest weight A of the M(C) module Vjs and its dimension 2d =
6s + 8 below:



Vol. 113, 1999 DUAL PAIRS CORRESPONDENCES OF Eg 4 AND E7 4 129

s | Go M(C) Vi A | 2d
0 | Daa | (SL2(A) x SLy(B) x SLo(C))/Ks | S, ®SEQSL | — | 8
1| Fyq Sps(C) (NC)y | ws | 14
2 | Ees SLe(C)/pa e @y | 20
4| Eqry Spin;,(C) /2 1 _Spin(4,4) | ws | 32
8| Fgq simply connected E7(C) minuscule wr | b6

2.3 There is a S3 action on the gg which induces an automorphism of Gy
[L1]. The 4 exceptional quaternionic groups above contains the degree 4 cover
Spin(4,4) of PSO(4,4). The S3 action stabilizes both Spin(4,4) and its maximal
compact subgroup as given in (4). It gives the outer automorphism group of
Spin(4,4), acts trivially on SUa(&) but permutes the other three SUs in (4). For
Eg 4 and E7 4, the S3 action also stabilizes the subgroups in (1), (2) and (3).

2.4 H, x¢ Hs in Gy is called a dual pair if the centralizer of H; is H;,; for
i € Z/2Z. 1f H{ x¢ Hj is another dual pair in Gy such that H] C H; and
H, C H) then we call them a see-saw pair and write

2.5 The subgroups in (1), (2) and (3) are dual pairs in Fg4 and E74 respec-
tively. Those in E7 4 form the see-saw pair

Fy4 SU,(A') x SU3(B’) x SU,(C")
(8) B
Spin(4, 4) SU,

where SUz embeds diagonally into SU3.

3. Quaternionic representations

3.1 Let Gy be a quaternionic real group defined in §2.1 and let G be its double
cover with maximal compact subgroup

K := SUz(&) x M.

In [GW1], Gross and Wallach constructed a series of representations 7}, of G from
G-equivariant line bundles. A more general construction using G-equivariant vec-
tor bundles was studied by H. W. Wong [W1] [W2], who generalized the results of
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Schmid [S1]. We will call these representations the quaternionic representations.
In this section we will derive some properties of these representations.

3.2 Let L:=U; x M C K and define the homogeneous space D = D(G) =
G/L. Define

q and § are opposite parabolic subalgebras with Levi factor { = Lie(L). Since
qNq = I, this implies that D has a complex structure and K/L = SU; /U; =
P! (C) embeds as a projective curve into D.

Let W(k] = e=%% @ W be a representation of L = U; x M. We will denote the
G-equivariant vector bundle constructed from W[k] by L(Wk]) or simply L.

3.3 Suppose D’ is a complex submanifold of D, we denote F5, (L) as the holo-
morphic sheaf of germs vanishing of order at least n along D' and Np,p/ be the
normal bundle of D’ C D. Note that FJ,(£) is a coherent analytic sheaf and
Np /D is supported on D'. Moreover there is an exact sequeﬁce

(9) 0 — FRHH (L) = Fp (L) » L& Sym™ (N, pr) = 0.

We will denote the sheaf of holomorphic sections of £ by O(L£) and its Dolbeault
complex over D by (2%°(£),8). Finally we will denote the sheaf cohomology
H*(D,0(L(W][k]))) by H*(D(G),Wk]) or H*(D,W[k]). The left translation [,
action of G on 2%*(L) induces a G-action on the cohomology H*(D,O(L)). The
next theorem summarizes the work of Schmid [S1}, Wong {W1] [W2], and Gross
and Wallach [GW1] [GW2].

THEOREM 3.3.1: Let W be a finite dimensional irreducible representation of
M with highest weight u and k > 2 be an integer. Let L = L(Wk]) be the
G-equivariant bundle. Then
(a) (Q2%*(L),d) has closed range property, that is, the image of 0 is closed.
H*(D,W|k]) is a complex Frechet space;
(b) H{(D,WIk]) =0 for i # 1;
(c) HY(D,WIk]) is an admissible representation of G of finite length. It has
infinitesimal character p + p(G) — k% and it is the globalization of the
Zuckerman module (see [V])

Tk, 1, (Homy gy (U(g), WIK])L)
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where § = [ @ 1 (see [V] for the definition of the Zuckerman functor);
(d) HY(D,W|k]) has K-types (K = SUy(&) x M)
D s @ (Sym™ (Vi) @ W);
n=0
(e) Hn = HYD,FR(L)) form an K-invariant filtration of H'(D,W[k]).
Moreover X - H,41 C Hy, for all X € g and they satisfy

() Ho/Hosr = H'(P', £ @ Sym™ (N} n)) = S5+ @ Sym”™ (Vir) @ W,
(i) Mo Hn =0;

(f) HY(D,WI|k]) has Gelfand-Kirillov dimension dim Vjs + 1 and Bernstein
degree dim W dim V).

(g) There is a unique irreducible G-submodule of H'(D, W k]) which is gener-
ated by the translate of the ‘lowest’ K-types

Ski2ew.

Proof: (a) and (c¢). See Thm. 6 [W2].
(b) A result of Schmid and Wolf [SW] states that

(10) HY(D,S)=0

for any coherent analytic sheaf S if ¢ > 2. It remains to prove the case ¢ = 0 and
the proof is similar to that of Prop 5.7 [GW2].

(d) This follows by applying similar computations as in Sect. 9 [GW2] to the
Zuckerman module in (¢). When £ is large, Prop. 54 [GW2] gives a direct verifi-
cation.

(e) Part (i) follows by applying the long exact sequence to (9) with D’ = P!
Part (ii) follows from {i) and (d).

(f) See Prop. 5.7 [GW2].

(g) Note that HO(P!, W[k] ® A9V [-1]) = 0 for ¢ = 0, 1 since k is assumed to
be at least 2. Now proceed as in the proofs of Cor. 24, Cor. 29 [W1]. Also see
Cor. 6.5 {S1]. |

3.4 By Proposition 3.2.12 of [V] and Theorem 3.3.1(d), every K-type of
H(D,W!k]) has highest weight of the form w+ ), a; where a; is a non-compact
positive root of G. This justifies the use of the word ‘lowest’ K-type.
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3.5 To save on notations, we will denote the Harish-Chandra module of
H'(D,Wlk]) by

H(G, WIk]) = H(W [k]) := I/, (Homyg) (U(g), W [K]).)-

Similarly o(G, W[k]) or o(W{k]) will denote the Harish-Chandra module of the
unique irreducible submodule of H'(D, W [k]). If the representation H!(D, W[k])
descends to a representation of the quotient Gy of G, then we may write it
as H(Gy, W[k]). The same applies to o(Gp, W[k]). We will abuse notation
and call H and o representations of G. Furthermore if the representations are
unitarizable, we will use the same symbols to denote the corresponding unitary
representations of G.

We will call H'(D,W]|k]), its unique irreducible submodule or their Harish-
Chandra modules quaternionic representation of G.

By Theorem 3.3.1(d) both H(G, W[k]) and o(G, Wk]) are SUy(&)-admissible.

If H(G,W|k]) is unitarizable as a (g, K)-module, then it is irreducible and
equals 0(G,WIk]). Indeed otherwise, the orthogonal complement of o(G, Wk|)
is a submodule which does not contain the lowest K-types and this contradicts
Theorem 3.3.1(g).

3.6 We will determine which quaternionic representation is in the discrete
series. To do this we will apply a result of Schmid which says that it suffices
to check its K-types (see Corollary 3.7.2).

Recall that the K-types of a discrete series representation satisfy Blattner
formula [HS]. First we will show that K-types of a quaternionic representation
satisfy similar formula. Note that this is proven in Lemma 5.3 [S1] and Cor. 54
[W1] under certain ‘negative’ assumptions.

Let ®*, ®F and ®; be the sets of positive, positive compact and positive non-
compact roots of G respectively, and let p(G), p. and p, be the corresponding
half sums of the roots in the sets. Let W(K) be the Weyl group of the maximal
compact subgroup K of G. Let

Ag = H (7% —ef).

acdl

Define the formal character of K

k= r(HD,WEK) =Y mixi

of all the K-types of the quaternionic representation H(D, W([k]).
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LEMMA 3.6.1: Let p be the highest weight of the representation W of M and
xm{(W) be its character. Suppose k > d + 2 where d = % dim Vi, and let

(11) Aw:w—l—@%+u+pMﬂ.
Then
sgn(o) e?(Ao)
(12)  Agen ZeewUoOIT e dy(W)

Ha&(l)j’ (8'2- - 6—5)

where xa(n) is the character of S%.

Proof: Observe that we may say that W is the trivial representation. By (7)
the set of non-compact roots @} is

1
{5& + w: w is a weight of Vi }.

Let n = a/2;
AE;I = d" H en+w = Z e(d+n)n7_n’
n=0
AGl = e 4 H (1—e"v) Z e~ (dtmin,
w n=0
where 7,, is the character of Sym™(Vjs). Hence
k = xalk—-2-d)Ag
_ e(k-—l—d)nAal . 6_(k_l_d)nAal
- en —e "

o e(k—1+n)7?7—n —_ e_(k_1+n)7}7n

= enm — e M
oo
n=0

PROPOSITION 3.6.2: Assume the hypothesis of Lemma 3.6.1. In the case when
Ay is a dominant weight with respect to ®* and regular with respect to ®}, then
the K-types of H'(D,W|k]) satisfy Blattner’s formula.

Proof: This follows from Hecht-Schmid [HS] Lemma 5.7 which states that (12)
is equivalent to Blattner’s formula. [ |
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3.7 In [S2], Schmid constructed a U(g)-module with the following universal
property:

Let G be a real Lie group with maximal compact subgroup K such that K
contains a maximal torus of G. Let @ be an admissible U (g)-module such that =
contains no irreducible K-types of highest weight A — p. + p, — A, — A, other
than A — p, + pn, where A; stands for a sum of positive compact roots and A,
stands for a sum of distinct positive non-compact roots. Then

Homu(g)(Qa 7T) = HOme(W@(A = Pe+ Pn), ).

This follows from Lemma 2.15, equation (3.3) and Lemmas 3.8 and 4.2 of [S2].

Furthermore, by Lemma, 2.23 and Lemma 3.8 of [S2], the K-multiplicities in
@ are bounded by those given by Blattner’s formula. Let m = 75 be the discrete
series representation with infinitesimal character A and lowest K-type of highest
weight A — p. + pn. By the universal property of @, we conclude that ¢ = ma.
Hence

THEOREM 3.7.1 (Schmid, Hecht—Schmid):

Homy(g)(ma, ) ~ Homg(me(A — pc + Pn)yT). |

COROLLARY 3.7.2: If 7 is a unitary representation with the same K-types as n

copies of a discrete series representations mp, then m = nmp.

Proof: Applying Theorem 3.7.1 and taking orthogonal complement
T=7AD vrf\‘.

Since w4+ has the same K-types as (n — 1)ma, the corollary follows by induction
on n. n

4. A filtration of H'(D, W[k])

4.1 We will show that there is a filtration of H*(D, W|k]) very similar to the
filtration which gives the K-types of H'(D,W{k]) in [S1]. A corollary of this says
that all unitary representations which we obtain via dual pair correspondence are
unitary quaternionic representations. The author learned later that similar ideas
have appeared in the restrictions of the holomorphic discrete series [Ma] [JV].
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4.2 Suppose G’ C G are two quaternionic real groups containing the SUj(&j).
We have K’ C K, M'c M, LC L',P* ¢ D' C D, Viy and V.

Consider the short exact sequence of sheaves in (9) with £ = L(W[k]). Let
Vim/mr = Vm/Vmr as a representation of M’ so that the vector bundle
L ® Sym™(Np,p)¥ over D' is the G'-equivariant bundle induced from
(W @ Sym™(Vagym)) [k + n]. Define

', = H'(D, Fi (C(WIK]))

and consider the long exact sequence of (9). By Theorem 3.3.1(b) and (10), we
get
0— Hipyy = Hiy = H'(D', (W @ Sym™ (Vag/ar)) [k + 1)) = 0.

Now we will state the main proposition which is the analogue of Theorem
3.3.1(e):

PROPOSITION 4.2.1: ‘H!, forms a filtration of H'(D, W k]) such that
(a) Hyn/Hpy =~ HY(D',(W & Sym™ (Vi arr)) [k + 1),

Proof: 1t remains to prove part (b} and we will show that (| #, is a represen-
tation of G’ without K’-finite vectors. Since H!(D, W[k]} is SU2(&)-admissible,
it is sufficient to show that the K'-types of H'(D, W|k]) is the same as

(13) > HN(D', (W @ Sym™ (Vag/m)) [k + n)).

n=0

Indeed the K'-types of (13) must contain

D0 Sk @ Sym™ (Vi) ® Sym™ (Vagyar) ® W

n=0m=0
= Y gwe ( > Sym™(Var) ® Sym"(VM/M,))
p=0 p=m+n

= > SE2P @ W @ SymP (Vi)
p=0

which by Theorem 3.3.1(e) equals the K'-types of H'(D, W{k]). |
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COROLLARY 4.2.2: If H(G,W/|k]) is unitarizable, then so are

H(G', (W & Sym™(Vy/m)) [k -+ n])

and
H(G, Wik]) = DH(G, (Sym™ (Vi) ® W[k +nl)
n=0
as a representation of G'. |

4.3 Let G be the double cover of one of the 4 quaternionic exceptional groups.
We will describe the minimal representation 7z of G.

In [GW1], Gross and Wallach showed that H(G, C[k]) is unitarizable for k > d.
There are 3 additional values of k < d where o(G, C[k]) is unitarizable, namely,
k=542, 2542, 35+3, and the 3 unitary representations are denoted by 7z, 7y
and 7x, respectively. Here Z C Y C X are the closure of the 3 orbits of M(C)
in PV (C). The K-types (K = SUz(a) x M) of 7z are

oo

(14) nz =P S5 @ ma(n)

n=0
where ) is the highest weight of V. The K-types of mx and my are given in
Prop. 2.2 [GW1].
The annihilator of 7z is precisely the Joseph ideal in the universal enveloping
algebra of Lie(G) so it is also called the minimal representation of G.

4.4 Let G’ = Hy x¢c Hy be a dual pair where H, is compact and let S be an
irreducible representation of Hy. We define the unitary representation ©(S) of
H, by
Resg, Ty = @@(S) ® S.
s

THEOREM 4.4.1: Given a dual pair H; x¢ Hs in G where H, is a quaternionic
subgroup, that is, it contains SUz(&) and Hy C M. Then ©(S) is a sum of
quaternionic unitary representations of Hj.

Suppose Sym"(Vy) = )}, Wi, ® W/, as irreducible representations of
(H1 N M) x Hy; then

Y e)esc f: > o(Hy, Winln +s) @ Wi,
S

n=0 1
Proof: Let H], be the Harish-Chandra module of #;, in Proposition 4.2.1. Since
wz is SUz{a) admissible, mz decomposes discretely as a Hy x ¢ Hy module. Hence
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any irreducible component of ©(S) ® S is a submodule of &(H} /H, ). The
theorem follows from Proposition 4.2.1(a) and Theorem 3.3.1(g). |

Since these representations are SUz(é&)-admissible, the K-types of ©(S) are of

the form

P sz ew,.

n>ng
By Theorem 3.3.1(g) and §3.4, we are justified in calling S3° ® Wy, the lowest
K-type of O(S5).
4.5 For the dual pair Spin(4,4) x g, G5, ©(S) is a direct sum of representations
of the form

o = o(Spin(4,4), 5% ® S& ® S&[k]).

The S5 action (cf. §2.7) operates on the minimal representation and thus induces

a symmetry on the dual pair correspondence which we will explore in the later
proofs. Let s € S3; then

5(0) = o(Spin(4,4), S5 ) ® S() ® S5 [K])-
4.6 Finally we produce some unitary representations needed in later proofs.

H(F,4,C[k]) is unitarizable if k£ > 7 (cf. [GW2]) so by Corollary 4.2.2

ﬁ4,4

Soinaa) H(Fa4, ClkD)

= P H(Spin(4,4), (Sym™(CY + C% + CZ))[k +n))

n=0

P P HSpin(4,4), (S5 ® S ® S&)[k +n)).

n=0a+b+c=n

Therefore
(15) H(Spin(4,4), (5% ® S& ® S&)[a + b+ ¢ + k])
is unitarizable. If £ > 9 it is the discrete series representation by Corollary 3.7.2.

PROPOSITION 4.6.1: Let S(a,b,c) = S% ® S% ® S&. Then

Res§;;;(4y4) Tx = @ o(Spin(4,4), S(a,b,c)[6 + a+ b+ ().

a,b,c

When a, b, ¢ are strictly positive, the following sequence is exact:

0 — o(Spin(4,4), S(a,b,c)[6+a+b+c]) — H(Spin(4,4), S(a, b,c)[6+a+b+d]) =
(16) — H(Spin(4,4),S(a -~ 1,b—1,c—1)[7+a+b+c]) = 0.
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Otherwise, if at least one of a,b or c is zero, then

(17) o{Spin{4,4), S(a,b,c)[6+a-+b+cl) = H{Spin(4,4), S{a,b,c)[6+a+b+cl).

Proof: Proposition 8.5 of [GW2] states that the sequence
0 - mx = H(Fy4,C[6]) - H(Fy4,C[10]) —» 0

is exact and H(F, 4, C[10]) is unitarizable.

We claim that the sequence

0 — 7x — D) H(Spin(4,4), S(a,b,¢)[6 + a+b+c]) -

a,b,c

(18) — P H(Spin(4,4), S(a,b,¢)[10 + a+ b+ ) = 0

a,b,c

is exact as representations of Spin(4,4). Indeed, we apply the filtration #;, in
Proposition 4.2.1 to get

H., — @D H(Spin(4,4), S(a, b,¢)([10 +a + b+ d]).

a,b,c

By (15) each summand in the image is irreducible, and we get

M, /Hoy = €D H(Spin(4,4),S(a,b,0)[10 +a+b+c]) = 0.

some a,b,c

The claim follows from Proposition 4.2.1.
Now we will break up the exact sequence (18) using infinitesimal characters of
Spin(4,4). This gives (16) and (17) for different infinitesimal characters. 1

5. Dual pair correspondence of Eg4

5.1 Recall that the minimal representation 7z of Eg4 has K-types (K =
SU2 X“2E7)

e}

P M) @ m(NN),

N=0
where A is the highest weight of the miniscule representation of E7 of 56
dimension.



Vol. 113, 1999 DUAL PAIRS CORRESPONDENCES OF Eg 4 AND E7 4 139

5.2  We will identify the various subalgebras of Ej 4.
Let & be the highest root of Eg4 and Spin(4,4). We will denote the set of
positive roots for the compact groups Eg C Ey as:

Er: egteq, Eiigj, 1 <1<y <6,

6
1
(19) 5 (e —er+ Y Ee);
i=1

Fe: e,+e; 2<i<j<8,
1 6
(20) 5(58—57—51—Zi5i)
1=2

where there are an even number of positive signs in the summations in (19) and
(20). We define the Lie subgroups D, C E7 (n = 4,6) as those having positive
roots

gite;, 1<i<j<n.
Note that the notations differ slightly from those given in Bourbaki [Boul]
Planche IV, V, VI for the root systems of E; and Fj.

5.3 Define

5 amen(59).

B:exp(€5;66>, C':exp<85;66).

The Lie subgroup SU; corresponding to &, A, B, C lies in the maximal compact

subgroup K of Spin{4,4) and coincides with those given in (4).

6. Branching rules I

6.1 In this section, the Lie subgroup Ds C Dg is the Lie subgroup defined by
the positive roots €; £ ¢; for 2 <i < j <6 (cf. §5.2).
In [G1], B. Gross states the following branching rule:

LEMMA 6.1.1:
Resgy, wspinaizy TN = D Sa(C?) ® m(aws + bema + cooy).
a+2bt+c=N

We will need this lemma in §7. Since we could not find a proof of it in the
literature, we will devote this section to proving it. We prefer to work on the
level of Lie algebras.



140 H. Y. LOKE Isr. J. Math.

6.2 First we prove a lemma that is very useful in deriving branching rules based
on an idea from [HPS|:

LEMMA 6.2.1: Suppose 7(£2;) and w(§22) occur in the restriction of 7(N1A) and
7(N2X), respectively. Then m(Qy + Q2) occurs in w((N1 + Na)A). Moreover, if
the multiplicity of 7(€1 + Q) is 1, then so are w(§};) and 7(2).

Proof: By the Borel-Weil Theorem, there exists a holomorphic line bundle £
over the complex manifold E;/T such that the global section I'(E7/T, £3%) is
the representation 7(N)). Suppose v; € ['(E7/T, £8V:) (i = 1,2) is the highest
weight for 7(£2;); then

v1 ® vy € [(By/T, £L2WN1+N2))

is a highest weight for 7(Q; +Q2); v1 ®v2 is nonzero as v; and v; are holomorphic.
[ |

6.3 Let g be a semisimple Lie subalgebra of ez. We align the Cartan subalgebras
and choose a positive root system so that a positive root space of g is also a
positive root space of e;. We will use p(g) to denote the half sum of the positive
roots. Let p7 = p(er) and pg = p(eg) so that

1
A= €1+ 5(63 — 67),

(21) pr — pe = 9.

Let ®* be the set of positive roots of g. Then

(22) E Sgn(g)ev(p(s)) = ¢P(8) H (1-e9).

oceW(g) ac®(g)

This is a simple corollary of the Weyl Character Formula (WCF) which we will
use repeatedly. (See Fulton-Harris [FH] Lemma 24.3.)

6.4 Assume that

(23) Ress,  spiniz) TIVA) = D mle, 2) 55(C) @ 7(9).
c,$2

where Q = 7y + - - - + rewg and m(c, ) denotes the multiplicity of the repre-
sentation.

When N = 1 and 2, we can verify Lemma 6.1.1 from the table given in McKay-
Patera [KP]. Lemma 6.2.1 shows that the left hand side of Lemma 6.1.1 contains
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its right hand side. We claim that it is sufficient to show that Lemma 6.1.1 holds
for r1,c large compared to ra,...,7¢. Indeed, this follows from Lemma 6.2.1 by
observing that S} (C?) ® m(w1) occurs once in the restriction of 7()). The above
claim is not absolutely essential but it helps to simplify matters.

6.5 PROOF OF LEMMA 6.1.1: Taking characters on both sides of (23), applying
the WCF and clearing the denominators on the right hand side of the equation,

we get
> sgn(o) et e? @) [T e, (1= €7%)
cEW (Er) e [],, (1 —e )
24) = mle QA — A7) 37 sgn(o) eI,
of €W (Ee)

With reference to Cartan [Ca] eqn. (24), p. 273, the 56 weights of A divide into
2 orbits under the action of W(SU; x Dg) generated respectively by

1 1 1 1
A=c1+=(eg—¢e7) and wg+ =(eg —¢e7) = —(e1+--- +e6) + 5(58 —€7).

2 2 2
Hence in the orbit of 56 weights of p7 + N under the Weyl group W (E7), only
the weight p7 + N can contribute to large rq and ¢ on the right hand side of
(24). Let

e [ (1 - =2
eP? H (1-e )

(25) 5o = Z sgn(c) e? (TN
oceW (Eg)

be the partial sum in the left hand side of (24). The above discussion shows that
the power series expansion of ¥ is

(26) 3 me, AT Y sgn(o) e+
o9 ceW(Ds)
if 1, ¢ is large compared to 7o, ..., Ts.

In general it is very tedious to compute the action of W (Eg) on a weight. The
key observation to get around this is (21) and the fact that the stabilizer of A in
the Weyl group of F7 is the Weyl group of Eg. Therefore we can apply (22).

suz@bs(l —e?)
e [],,(1 —e™®)

eP(5u2006) I1

EO = ep7—p5+N)\ Z Sgn(a) eU(PG)
c€W(Esg)

o -
= eP7—ps+N>‘ ePe H(l — e“a) ep(5"2 i H5u2®bs(1 —€ a)
er [, (1—e™)

€6

(27) — NX+p(suz) er () HOS (1 —e)
[T1-e2)
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In the above equality, the product H' is taken over roots of the form
1 6
5(68 —€&7+é€1+ 22 :{:&‘i)

(=3

where there is an odd number of positive signs in the summation.

Let
1 6
— hul ) — ows.
R =exp (2;5,> A
then
/ -1 1 1
H(l_e_a) = U( 7 — X )
( ) X \Fnemew
1 )
(28) - ag <7—_ Ze_n)\Rn) ;
gENs H (]' - ﬁ) n=0

where Nj is the normal subgroup (1)} _, of the Weyl group W(Ds) and the
product Hg is taken over weights 3 of the form

€it+e€; €ite;terte

where 1, 7, k, [ are distinct integers between 2 and 6 inclusively.
Substituting (28) into (27), we get

9(06) "t o oo
(29) g = elVAtelsuz) Z sgn(o) o <e (“1,_)[ (1—e7%) Z e'"*R") ,
g€Ng H (1 - e—ﬁ) n=0

where the product [[" is taken over roots a of the form
g—¢€; 2<1<j<6
and the product H(iv) is taken over weights 8 of the form
€5(3) T+ €5(6) = 2W6 — 7 (t2)

where 7 is a permutation of the set {2,...,6}.
Similar to what we did in (28), we set

— e1+e2 __ W
T = €t =e™1,

u {1,(23),(24),(25), (26)} C W(Ds),
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(TR™*)™ )
0

(TR‘Q)"‘>
0

and we get

eP(06) H//I(l - e—a) B | poe) () 3
H(iv)(l _ 6_5) - %Sgn(o)a (6 ( )H (1 —e )

= _Z sgn(o) G ( Z sgn(o) e?(P(26))

Mz

3
il

]38

oelU o€Sy m=
(30) = Z sgn(o) o (ep(aﬁ) Z(TR~2 )
0655 m=0

where the product H(”) is taken over roots « of the form
gi—€5, 3<i<i<6b.

Finally, putting (30) into (29), we have

(31) B = eNMelsu) Z sgn(o) o <e" {2 ie“"”@") :

ceW(Ds) m=0 n=0
We are interested in those exponents ¢® where € = (¢; > --- > |eg]) that lies

in the Weyl chamber of 9. The sum of those exponents in (31) is

N [n/2]

ep(5u2®06) Z Z G(N_")’\TmR"—2m

n=0 m=0
— ep(5u26906) Z Aceaws+bwz+cw1
a+2b+c=N

and by comparing with (26) completes the proof of Lemma 6.1.1. |

7. Branching rules II

7.1 In this section we will derive the branching rule for the representation
7(NX) of E7 when restricted to Spin(8) x g, SU3. The main result of this section
is

PROPOSITION 7.1.1:

ResE” NA)

Spin(8) x k,, SU3 7!'(

= @(ng + 1) Tapin(s) () ®
Q

® (S5 ® S @ S @ Sym " HEinatn (2 o €2 @ C2))
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where the sum is taken over all dominant weights Q0 = nyw, + -+ - + nywy of
Spin(8) such that N > ny + 2ng + n3 + nq.

First we recall a well known branching rule (see Harris-Fulton [FH] p. 426 or
Boerner [Bo)):

THEOREM 7.1.2: (a) Let 0, C b, and w(83) be the representation of b, with
highest weight 8 = (81 > -+ > B, > 0). Then

Resy” (7(8)) = @ n(€)

where the sum is taken over all £ = (& > --- > |&,]) satisfying

ﬁl ZEI 2522"'2571—1 ZﬂnZl&n]’

with the B; and &; simultaneously all integers or all half integers.
(b) Let bp,—1 C 0, and n(8) be the representation of d,, with highest weight
B=(B1 = 2|Bnl). Then

Respr_, (n(8)) = P (¢)

where the sum is taken over all £ = (& > --- > £,—1 > 0) satisfying

Pr>261202> 261216l
with the 3; and &; simultaneously all integers or all half integers.

We will prove Proposition 7.1.1 by applying Lemma 6.1.1 and then further
restrict the representation m(awg + btz + cwi) of Spin(12) to the subgroup
SU2 x Spin(8). We prefer to work on the level of Lie algebras.

7.2 Recall §5.2 and let {g,,...,&¢) correspond to the Cartan Subalgebra (CSA)
of 0g. Let (g1,...,&4) correspond to the CSA of 04, and €5 — €¢ and €5 + &g
correspond to the CSA’s of suz(B) and suy(C), respectively (cf. (21}).

Let

p = (5’4’ 3’ 27 1’0) a'nd _p = (37 2) 170’0’ 0)’

respectively, be the half sums of the positive roots of 9 and 4.
Put t; = . We define a power series ¥(z) and its coefficients fn(ts,ts) for
n € Z by the following formula:

(32) )= J[ -at)Q-at;) = D faz"

7=5,6 n=-00
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Note that f,, are rational functions in t5 and tg, fo =1 and f, = 0 for n < 0 and
fn is the character of Sym™(C% ® C%) for n > 0 (cf. (21)). These functions will
be useful in the later proofs.

7.3 We will use
A = awg + bwy + cwoy

to denote a weight of 3¢ throughout this section.
Let

(33) Q= (& > & > & > |€4]) = niwr + newe + n3ws + ngwy

be a dominant weight of 94. Here &; are half integers and w; are the fundamental
weights of 94 and

ny =& — &, ny =& — &3,
n3 = &3 — &4, ng =&+ &4

Suppose the representation m,,(€2) appears in the restriction of mp4(A) to the
subalgebra 94. By applying Theorem 7.1.2 four times, we see that it is both
necessary and sufficient for §2 to satisfy

a a

— >E > =, = > >—
(34) 2+b+0_§1_2, 2+b fz 2
(35) gzggzm, a=2¢  (mod 2).

Now suppose the 75, {{2) appears in the restriction of 7., (NX). We claim that
it is both necessary and sufficient for 2 to satisfy

N2n1+2n2+n3+n4.

Indeed necessity is clear. To show sufficiency, we have to produce a,b,c that
satisfy ¢+ 2b+a = N and (34) to (35). One can check that a = ng +n4, b = ny
and ¢ = N — 2n9 — ng — nq will do. This proves the claim.

7.4 Suppose

D €5 — €6 €5 + €6
ResDjstQ(BVSU?(C) m(A) = Z?T(Qi) ®7r(n,- 5 ) ®7r<n§—2 )

k3

Taking characters on both sides and applying the WCF and clearing denomina-
tors,

> eW (D )sgn(a) 7 (P+h) — 0.
(%) UH /6(1 — ¢ T =’ pz E : sgn(@) e’ @) . x,(B,C)
i) ] i TEW(D,)
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where t; = e° and the product H;’ ; is taken over
(i:7) € ({1, 4} x {5,6}) | J{(5.6)}

and x;(-,-) is the character of SUz(B) x SU3(C). We need to deduce x;.

7.5 The Weyl group of 94 acts transitively on its Weyl chambers so x; is the
coefficient of e%:*?. We will equate y; with the left hand side of the equation.
The left hand side of (36) can be written as

> sgn(o) e?PHA) H (i(t;lt;t)") :

ceW 1,5 n=0
This shows that if e#™* where A = ( > |Bs]) on the left hand side of (36)
contributes to e?*¢ where ¢ = (& > |§ |} on the right, then §; > &; for 4

=1, 2, 3, 4. With reference to (34) and ( 5), we see that such exponentials can
only come from the sub sum

(37) Z sgn(o) e?PTA) . H (Z (t7't) >
ceW’ i,J n=0
where W' € W(Dg) = (£1)§_, % Se is the subgroup
W' =S x {{1,1,1,1,~1, 1) % S5}

We can decompose (37) into 2 factors, each coming from a factor subgroup of
W'

(38) Eqn(37) =t5-1-J
where
1 = (t§+b+c+;t3+b+“ t411+b+3t2+b+c+2) T(tT 1) (t ;1),
J = E;“sgn(o) {exp (o (0,0,3+ 5 2+; +; %))
+exp(o(0,03+5,242,-1-2,-2))}

xW(t; 1)t h) (1 - i—z)—l (1 - E%tﬁ') - .

Let Q; = Q be a dominant weight of 94 as in (33) and we will compute the cor-
responding x;. First we calculate the contributions from I, that is, the coefficient
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of the term t§‘+5tg2+4. Let
(39) r=b+%—§2,
(40) n':N—£1-§2:N—(n1+2n2+n3+n4);

then the coefficient turns out to be

Jore—(61-2) fo—(e2—2) = oe1-2)-1So414c—(62-9)
(41) = fn’—rfr - fr—nl—lfn’-f-nl——r—H-

Next we compute the contributions from J. We will need a result about rep-
resentation of sus (see Harris-Fulton [FH] Exc 11.11):

(42)  S™(C?)® S™MC?) = §™F(C?) + S™H(CR) + - - + SIml(C?).

LEMMA 7.5.1: The coefficient of t§3+2ti“+l in J is the character of the represen-
tation S3° ® S¢* of suz(B) @ suy(C).

Proof: Define t; = t;, t; = to, 3 = t3 ' and &4 = t7'; then

J:t;l{det( 1 EYIZ0 8+ det(EF) 0 }

x Wty u(t;") (1 - %f;) h (1 - ts%) )

:{C“H( tj)(ts —te) +C~ H( %) _—%)}

-1
(43) x (tata) % (ts — ta) U(t5 1) 0(t7") (1 - i‘) <_c _10-1)

where the products in the last two equations are taken over all ¢ = 3,4 and
7 =5,6.
Observe that
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1 -1 1 —1 [e%) 1 n
_ _ — I P—q
() () ~Z(e) = o

pHg=n

© -3 () xato

n=0

Substitute (44) and (45) into (43) and we find that the coefficient of t§3+2ti“+l
is
a a a a
{XB (5 —53) XB (5 —54) —XB (5 — &3 — 1) XB (5 *§4+1)}Xc(§3 +&4)
=xB(& —&)xc(€s + &)  (by (42))
= xB(na)xc(na). 1
7.6 We summarize what we have done so far:
Let V(r,n’) denote the representation of suz(B) X suy(C) that corresponds to
the character in (41). Let Q = nyw; + newsy + naws + nqwy and
T . c 1
(46) Wg:SB3®SC“®ZSA®V(§a+b—§2,N-§1—§2)
a,b,c

where the summation is taken over nonnegative integers a,b,c such that
¢+ 2b+a = N and satisfy (34) to (35). Then

(47) ReS50s  spinge) TIVA) = ey Wa ® m, ()

Q=n1 @+ -+n4@y
where the sum is taken over ny + 2ng +n3 +ng < N.

It remains to determine the summation in (46) which can be rewritten as

c ﬁ _ e — n’ —27 i
(48) c+2b2;=NSA®V(2+b £, N — & — &) (n2+1)zr:SA ®V(r,n'),

where the conditions on a,b,c are translated into those in the summation for
n',r € Z (cf. (39) and (40)) which satisfies

n' +ng

0<r< if n’ > nq,

0<r<n ifn <n;.

Since the summation on the right hand side of (48) depends only on n’ and n;,
we will denote the representation by W(n',n;). The next lemma will determine
W(n',n;) and complete the proof of Proposition 7.1.1.
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LEMMA 7.6.1:

(a) W(n,n) = Sy' ® W(n,0),

(b) W(n,0) = Sym™(S4(C?) ® S5(C?) ® St(C?)).
Proof: (a) By §2.3, ¢7 has an automorphism s of order 3 which acts on 04 as an
outer automorphism. It stabilizes suy(A4) X suz(B) X sup(C) by sending A to B,
B to C, and C to A. The weight (n+n;)A is invariant under this automorphism

so the branching rule in (47) is symmetric with respect to s. Let {; = nyw; and
Qj = nyws; then W; = O'Wj, that is,

SermTE@W(n,m) = S5 @ S} @ W(n,0).

This completes the proof of part (a).
(b) The character of W(n,0) is

[n/2]
(49) Y xaln =2 (facrfr = frotfrrs1) Z AP fy.
r=0 pHg=n

Let the character of Sym™(C? ® C? ® C?) be (5n(A, B, (). Then

(50) [ (-za'BC*” Zénm

i,5,k=%1

Recall t5 = BC and tg = C/B (cf. (21)) and hence
_pABICKYY = w(E
I (-eaB) = wea) ‘I'(A)
i,7,k=+1
anAnxn . anA—n:L_n
an Z Aa_bfpfq-

n ptg=n

f

By comparing the coefficient of 2", we complete the proof of part (b). |

8. Proof of Theorem 1.4.1
8.1 We refer to (5) and, by Proposition 7.1.1, ©{(x(2)) has K-types (K =
SU, x SU3)

(na + 1) Y SYmtimiminctt g (g1 g 572 @ 5P @ Sym" (C 9 C 0 CY)).
N
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Let
Hq = H(Spin(4,4), 53 ® S5° ® SG*[10 + ny + 2ns + ng + ngl).

Comparing with Theorem 3.3.1(d), ©(m(£2)) has the same K-types as ng + 1
copies of Hg which is irreducible by §4.6. It remains to show that

@(Q) = (TL2 + 1)HQ

By Corollary 3.7.2, Hq is the discrete series representation with infinitesimal
character 2+4p. Theorem 4.4.1 and the information on the lowest K-types implies
that

0(Q) D (n2 + 1)Hq.

Since both representations have the same K-types, this is an equality and
Theorem 1.4.1 is proven.

Alternatively, by Proposition 3.6.2, Hq satisfies Blattner’s formula and the
theorem follows immediately from Corollary 3.7.2.

9. Dual pair correspondences of Ey 4

9.1 Recall §2.4 that E7 4 has maximal compact subgroup

K = SU, %, Spin(12)

and V = V) is the 32-dimensional half-spin representation of Spin(12) with
highest weight A = wg. The minimal representation 7z of E7 4 has K-types

(51) é SN+4(C?) @ n(Nws).
N=0

9.2 First, we will identify the various subalgebras of E7 4. Following Bourbaki
[Boul] Planche IV we denote the positive roots of the compact Lie subgroup
D, C Er 4 (resp. Dg) as

(52) eite;, 1<i<j<4((resp. 6).

Therefore the %—spin representation of Dg has highest weight

1
we=5(€1+"'+€6).
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Define
(53) A:exp(q;g?)’ A/:exp(ffl;éz)’
I
(55) C':exp(ssggﬁ)7 C/:exp(ES;Es).

The SU,’s defined by A, B,C and A’, B, C’ agree with (4) and (3), respectively.
Suppose

(56) Resfﬂ,:":xsuz Tz :@ O(n) ® 5",

|4 E7.4

(57) ReSqrin 4.4, 502 727 = @ O(a,b,¢) ® (8% ® S ® S&),
a,b,c

where the sum is taken over all irreducible representations of SU; and SU3
respectively. The objective of the rest of this paper is to compute the above
dual pair correspondence given in Theorems 12.2.1 and 1.4.1.

10. Branching rules III

The main results of this section are 2 branching rules: Proposition 10.1.1 and
Lemma 10.2.1. If the reader is willing to believe them, he may skip this section
without loss of continuity.

10.1 Recall (52) and put t; = e®*. We define a power series ¥(z) and its
coefficients f,(t3,t4) for n € Z by the following formula (cf. (32)):

)= [0 -at) 02t = S fua”
7=34 n=—oo

Note that f, = 0 for n < 0 and f,, is the character of Sym™(C% ® C%,) for n > 0
(cf. (54)). Also recall that A = /112 (cf. (53))

ProrosITION 10.1.1: Let
H = SU2(A) x SU2(B) x SU3(C) x SU2(A’) x SU,(B’) x SU(C")
and suppose

RespP " n(Nwg) = 3 Wi(a,b,c) ® (54 ® S ® S&),

a,b,c
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where Wx{a,b,c) is a representation of SUz(A) x SU2(B) x SUx(C). When
a > b+ c and a+ b+ c is an even integer, then

Wi (a,b,c) = 5§ ® S& ® Sym™ ~*(C? @ C? ® C?).

By 12.1(a), the condition that a + b + ¢ is an even integer is superfluous.
Proposition 10.1.1 is a consequence of the next lemma.

LEMMA 10.1.2: (a) Suppose a > b+ c and a + b+ ¢ is an even integer; then

Wal(a,b,¢) = 84 @ Wr_c(a —¢,b,0) = S& @ Wy _s(a — b,0,c¢)
(58) =855 ® S5 QWy_p_c(a—b—c,0,0);

(b) WN(ZG, Oa 0) = WN—Za(Ov 01 0)7
(c) Wn(0,0,0) = Sym™ (C? ® C* ® C?).

This section is devoted to proving Lemma 10.1.2. The proof in many areas
resembles that of §7.
As a corollary of §7, we have the following branching rule:

(59) Resggiﬁgflsm « su, T(N®@s) = Z m(dwy + cws + ews) ® S& R Sé.
c+2d+e=N

Suppose

Spin(8)
ReSS{)Jg(A')xSUg(B’)XSUg(A)xSUg(B) m(dws + cws + ewy)

(60) =) (5% ®5%) ®V(a,b)

a,b
where V(a,b) is a representation of SUz(A) x SUz(B). We will compute the
character of V(a,b) in the case a > b+ c.

10.2 Recall that the Weyl group of D, is (£1)g—1; x S3. We will apply the
WCF to (60) and we have to be careful in choosing the right Weyl chamber of
D4:

(1) Acting by triality, we change the representation to w(ew; + dws + cws).

(2) Next we apply the elements (13)(24) and (1,-1,1, -1} in the Weyl group
to the representation.

We illustrate the corresponding actions on the Dynkin diagrams.

AR B AR B AR B

\ \ \
’ Step (1 Step (2 ’
4y W By @ &
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In this case we have
A=e4+¢e, B =¢—-¢6 A=e-—c, B=c+te.
Let
(61) A =ewm + dwy + cwy.

Let W (resp. W) be the Weyl group of Dy (resp. D2), x(a,b) be the characters
of V(a,b), p = (3,2,1,0) (resp. p) be the half sum of the positive roots of Dy
(resp. D2) and t; = e“. Applying the WCF to (60) and clearing denominators,
we get

S pew sgn(o) e? A
[T, (1 - 67't)

(62) ”Z z sgn(o) exp(T ;(a+b+1),%(a-—b))) -x(a,b)

ab FcW

where the product []; ; 1s taken over

(4,7) € ({1,2} x {3,4}) U {(3,4)}.
The left hand side of (62) can be written as
Z sgn( P+A) H (Z t——lt:t )
occW 1,j n=0

To find x(a,b) for a > b+ ¢, we only need to consider certain exponents in the
numerator of (62) and then compute their coefficients. These exponents are of
the form e’ where L = (e1,...,€4) such that €, > €2 > 2c + 1. Since the Weyl
group of D4 acts transitively on its Weyl chambers, only the following sub sum
on the left hand side of (62) will contribute:

(63) 3 sgn(o) 7o+ H (Z (1) >

ceW’ n=0

where W/ C W = (£1)§_; % Sy is the subgroup
(64) W = Sy x {(1, 1,—1,—1> X SQ}
We decompose (63) into 2 factors, each coming from a factor of W’ in (64):

(65) Eq. (63)=t5-1-J
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where

Io= (g s o e ) we e,
1
i3

Z sgn(o)exp (o (1 + tf , tf))

0€(1,1,-1,~1)x S,
X (1—t3 tg) (1 —t3 7)™
= xglc).

Next we calculate the contributions from I, that is, the coefficient of the term

1 1(a—
15 (a+b)+3t§ (a=0)+2 This turns out to be

(66) fe+d_£_(g_£)fd+£_(e_%) - fd_k_(%_g)—lfe+d+1+2_ a_gy-

2 2 2

Denote the above character by F(e, d, b,a—c) so that the character of Wy (a, b, c)
is

(67) XB(C) Z XC(e)F(ea d, bva - C).
e+2d=N—-c

Proof of Lemma 10.1.2: (a) The sum in (67) depends only on N —c and a —c.
Therefore we conclude that

Whn(a,b,c) = S5 @ Wn_.(a—c,b,0).
Since the argument is symmetry with respect to B and C, we also get
Wi (a,b,c) = S& @ Wx_s(a — b,0,c).

Applying the above twice, once each for B and C, we have (58). This proves part
(a).
(b) and (c). By (67), the character of Wy (2a,0,0) is

Z XC(e) (fe+d—afd—a - fd—a—lfe+d+1—a)

e+2d=N
= Y xc(N —20) (fN-a-afi-a = fia-1fN-atrd+1)
a<d<N/2
(N'/2]
(68) = 3 xc(N' = 2d)(fnr—a for = forrfnr—as1)
d'=0
where d = d —a and N’ = N — 2a. By Lemma 7.6.1(b) and (49), (68) is the
character of
SymM (@ C?®C?). 1
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LEMMA 10.2.1: Let a,b, ¢ be non-negative integers. Then the lowest K-type of
the representation ©(b+ c¢,a + c,a + b) is

Gitatbte o 52 © 5% ® SE.

Proof: We apply the same analysis from (60) to (62). In order for the K-type
to be lowest, it is necessary that {cf. (61))

1
A =cw; + §(b + ¢)my.
Next we argue as from (62) to (64) but we need to replace (64) with
W' ={1,(23),(24)} x {(1,1,-1,-1) x S2}.

Let 7(a,b,c) be the lowest K-type; then its character can be computed in a
similar manner as in (65) and (66):

xe(e) (fegopp bze pXB(a+b) = fapryy ey x8(a+b)Xo(1)
+ fg_-%ﬁ__b__-ig_2 xpla+b+ 2)) :

The observation is that the formula within the bracket in the above equation is
independent of the value of ¢. This allows us to conclude that

T{a,b,c) = S& ® 7(a, b,0).
Since the representation 7 is symmetric with respect to its entries a, b, c,
7(a,b,c) = 8% ® S% ® S& ® 7(0,0,0).

The lemma follows as 7(0,0,0) = C. |

11. Branching rules IV
11.1 Consider SLg C GLg C Spin(12). Spin(12) and SLg have positive roots

Spin(12) : e +e; wherel <i<j <6,
SLe : € —¢ wherel <1< j<6.
We denote the half sum of the positive roots as

p = P(DB) = (5)473:271)0)7

531 1 3 5
! = A = —_— = —_— —— —— .
P ,0( 5) (272727 27 9’ 2)
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We denote the fundamental weights of GLg as

1

w; = 5(1,—1,-—-1,—1,-—1,—-1),
1

w3 = 5(1a171a_17_11—1)1
1

@ = 3(1,1,11,1,-1),

and the fundamental weight of Spin(12) as
1
ws = 3(1,1,1,1,1,-1).

11.2  We will prove a branching rule mentioned in Gross [G1] since we could
not find a proof of it.

LEMMA 11.2.1:

Re Z;E: (12) n(Nws) = Z m(aw; + bws + cws).
atbte=N
Proof: The lemma is true for N = 1 (cf. [KP]). Since the representation 7(ws)
of GLg appears in the branching rule for N =1, by Lemma 6.2.1, it suffices to
prove the lemma for large N and c.
Suppose
Res Spm 12) w(Nws) = Z?T()\i);
i

then applying the WCF and clearing denominators we get

ZUGW(DG) sgn(o) e 0(P+Nw5)

(69) —— e” sgn(o)e a(p'+A)
e [licicjcs(l —€757%) Z Z

i o€Se

We only have to consider the coefficients of e* where A = >, ai€; lies in the
Weyl chamber of GLg (that is, a; > --- > ag) in the power series expansion of
the right hand side of (69) with ¢ = a5 — ag large. These exponents are contained

in the sub sum
> oen 5g0(0) eN@sto(p)

e [L1cicijce(l —€7%7%)
where H ~ Sg C W(Ds) is the stabilizer of the fundamental weight ws. Recall
formula (22),

T =

6

z ea(p _ epH -51+e, H(l _ e—ea—es)

oeH i=1
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where the product H; ; is taken over all 1 <i < j <5. Substituting the above
formula into T, we get

7 —€. .
— Nws Hi:j(l —e) .
0,0 e70)
We have the partial fraction expansion

{H'u — Xemwm)} !

2,3

(71) = Y {H"a—efk+€t—fi—w)H'(1—Xe—fk-fl)}_l

1<k<I<E ~ 4,5

(70) T

where H:’ ; is the sum over all 1 <1 < j <5 such that %, j, k,! are distinct. Let
X =1 and put (71) into T so that T is a sum of terms of the form

(72) Ae® [1;,(1—e=te) 1
(1 ewraaa) | T=ems

for some integer A and some weight w depending on k < I. Applying the partial

fraction expansion to the factor in {} in (72), we can write T as a sum of terms
of the form
Ae® {(1 _ e€k+€k—€,‘—‘€]‘)(1 _ e_fk_fl)}_l ]
Looking at the power series expansions of these terms, there is only one term
such that it has summands e* where A lies in the Weyl chamber of GLg. This is
the term where 1 =2, 7 =3,k =4, =5, w= Nws and A = 1. Its power series

expansion is

ers (Z e—m(54+65)> (Z e—n(€4+65—63—64)>
n=0

m=0
oo oo
= Vs (Z em(W3—W5)) (Z en(w;—w;;))
m=0 n=0
and this proves the lemma. |

12. The main results for E7 4

12.1 Let C® denote the standard representation of SUg O Sps. Lemma 11.2.1
gives the ©-correspondence for the dual pair Fg4 x U; that was mentioned in

Gross [G1].
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THEOREM 12.1.1: Suppose

ResE“Xu1 mz =P (n) UL

nez
Then
@'(n) = o(Eg 4,Sym™(C®)[6 + n))
in the notation of §3.6. In particular, ©'(0) = 7y of Eg 4. ]

THEOREM 12.2.1: Suppose
(73) Respyysu, 7z = D O(n) ® 5™

where the sum is taken over all irreducible representations of SUy. Then

(a) ©(2k+1)=0.

(b) ©(2k) = o(Fya,(Sym"C®)[6 + k]) and it has infinitesimal character
p(Fy4) + kw1 — (3 + 1k)é where w, is the highest weight of C8 (cf. [Boul]).

Proof: (a) The center —1 of SUj acts on ©(n) ® S™ by multiplication by (—1)"
but it acts trivially on 7.
(b) To save on notation let

ox = o(Fy.4,Sym* C8[k + 6]).

From the see-saw pair

Ega SU,
>
Fyq4 Uy
and Theorem 12.1.1,
oo
(74) ResF4 S SU, TY (E64) @ o(2
k=0

By Proposition 4.2.1, (74) is contained in

Gr(H(Es 4,C[6])) = @) H(Fy,4,Sym* C[k + 6])
k=0
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and hence
(75) P ok c P o
k=0 k=0

By Lemma 11.2.1 the lowest K-type of ©(2k) occurs when N = k and it
equals S¥7* @ Sym*(C®) as representation of K = SU3(&) X, Spg (cf. (51)). By
Theorem 3.3.1(g), ox C ©(2k) and, in view of (75), the proof is complete. |

12.2  Recall (57)
(76) Resgin i, 503 72 = €D ©(a,6,¢) ® (S5 © 5p @ 5&).
a,b,c

We would like to make the following remarks:
(a) ©(a,b,c) is trivial unless a + b+ ¢ is an even integer. This follows from the
fact that z = (—1,—1,—1) lying in the center of SU} acts on

O(a,b,c) ® (8% @ S% @ S&)

by multiplication by (—1)*+5*¢ but z acts trivially on 7.

(b) The S3 outer automorphism of Spin(4, 4) x x, SU; permutes the sets {A, A'},
{B,B'}, {C,C"} {cf. §2.3). Since the S3 action comes from inner automorphisms
of E7 4, the above correspondence in (76) respects this action. Therefore, without
loss of generality, we may assume that a > b, c.

(c) From (a), since a + b+ ¢ is even, there exist integers a’, b, ¢’ such that
a=b+d, b= +ad, c=d +¥;
a,b,c will form the sides of a triangle if and only if @', ¥, ¢’ are non-negative. If

a' b, are strictly positive, we will call this case I. Otherwise it will be called
case I1.

12.3 Let S(a,b,c) = S%®5%®SE be a representation of M = SUS C Spin(4, 4)
(cf. Proposition 4.6.1).

THEOREM 12.4.1: (a) ©(a,b,c) =0 if a + b+ ¢ is not an even integer.
(b) Case I: Let a,b,c be 3 positive integers. Then

O+ c,a+c,a+b) = c(Spin(4,4), S(a,b,c)[6 +a+b+c])
and it satisfies the following exact sequence:

0—O(+ca+ca+b) - H(Spin(4,4),S(a,b,c)[6 +a+b+c]) —
— H(Spin(4,4),S(a - 1,b—1,c—=1)[T+a+b+c]) > 0.
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It has infinitesimal character

(a+1+b+c b+c b+c b—c)

2 1+ 2 27 2
(¢) Case I1: Suppose a > b+ ¢, a + b+ c is an even integer. Then
(77) ©(a,b,c) = H(Spin(4, 4), S(0, ¢, b)[6 + a])

and it has infinitesimal character

a a b+c b-c
(§+1,§,——2—~+1,-—2——->.

Ifa =b+c+2, ©a,b,c) is the limit of the discrete series representation. If
a>b+c+4, ©(a,b,c) is the discrete series representation.

Proof: (b) Let a,b, c be non-negative integers. By Lemma 10.2.1, we get
(78) O(b+c,c+a,a+b) Do(S(a,b,c)6+a+b+d]).

In view of the see-saw pair in (8), the SUs-invariant subspace in S(a, b, ¢) is either
0 or 1 dimensional. The latter will occur if and only if a, b, ¢ form the sides of a
triangle (cf. §12.3(c)). Therefore by Theorem 12.2.1

Res§;;:(4’4) Tx(Faa) = @ O(b+cc+a,a+b).

a,b,c

(16) and (17) of Proposition 4.6.1 show that (78) is indeed an equality and this
proves part (a).

{c) The case a = b+ ¢ has been proven in (b). Assume a > b+ c+ 2 and, by
(15),

(79) H(Spin(4, 4), S(0, ¢, b}[6 + a])

is irreducible and unitarizable. When a > b+ ¢ + 4 it is the discrete series
representation (cf. §4.6). Otherwise it is the limit of the discrete series. Hence
it remains to prove (77). By Lemma 10.1.1, the K-type of O(a,b,c) is

P sit*t" @ Sym™(Ch ® Cp ® C5) ® S(0, ¢, b).

n=0

This equals the K-types of (79) by Theorem 3.3.1(d) so the theorem follows from
Theorem 4.4.1. B
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